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Abstract: Optimality conditions are derived for a class of nondifferen-
tiable multiobjective control problems having a nondifferentiable term in each
component of vector-valued integrand of objective functional. Using Karush-
Kuhn-Tucker type optimality conditions, we formulate Mond-Weir type dual
to the nondifferentiable control problem and derive duality results extensive-
ly under generalized invexity. Finally, it is indicated that our duality results
can be considered as dynamic generalizations of those of nondifferentiable
nonlinear programming problems recently obtained.
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1. INTRODUCTION

The problem of optimal control was first formulated by Mond and Hanson [1] as
mathematical programming problems with equality and inequality constraints in in-
finite dimensional space. Subsequently, a number of authors, notably, and Chandra
et al. [2], Mond and Smart [3], Nohak and Nanda [4] etc. most of them considered
the Wolfe and Mond-Weir type for a single objective control problem.
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A Class of Nondifferentiable Multiobjective Control Problems

In the recent past, some researchers studied duality for multiobjective control
problems motivated with Bector and Husain [5]. Bhatia and Kumar [6] discussed
multiobjective control problems with p-pseudoinvexity, p-strict pseudoinvexity, p-
qausi-invexity or p-strict quasi-invexity. Nahak and Nanda [4] discussed efficiency
and duality for multiobjective variational control problems with (F, p)-convexity.
The objective functionals and constraints functionals in both references [4] and [6]
were differentiable. In the present research expositions, we study duality and op-
timality for a class of nondifferentiable multiobjective control problems in which
nondifferentiability enter due having a term of square root a quadratic form in each
component of the vector-valued integrand of objective functional. The relation-
ship of our results with those of a class of nondifferentiable nonlinear programming
problems is briefly indicated.

2. RELATED PRE-REQUISITES AND NONDIFFERENTI-
ABLE MULTIOBJECTIVE CONTROL PROBLEMS

Let I = [a,b] be a real interval, and let fi : [ x R" x R™ — R, i = 1,2,....p,
¢ I xR*"xR™ = R', and h: I x R x R™ — R" be continuously differentiable
functions. Denote by X the space of piecewise smooth functions x : I — R™, with
the norm ||z|| = ||z||, + || Dz, and by U the space of piecewise continuous control
functions u : I — R™ with the norm ||u||_, where the differentiation operator D is
given by
t
u= Dz & z(a) + /u(s) ds,

a

where z(a) is a given boundary value. Denote the partial derivatives of f; with
respect to t, x, and u, respectively, by f{, fi, and f! such that

fz_<f f f>’f13_<f f f)7

Ooul’ ou?’ T Qun

r oxl’ ox2’ T Oxm

i = 1,2,...p, where T denotes the transpose operator. The partial derivatives of
the vector functions g and h are similarly defined, using m X n matrix and m x n
matrix respectively.

Consider the following multiobjective control problem:

(VCP): Minimize

subject to

t=h(tzu), tel (2)
2
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The following convention for equality and inequality will be used. If a;, 5 € R™,
then

a=8 o =4 i=1,2,...n
a>f sa'>p i=1,2....n
azpf sa>p and a#f

a>f o >p i=1,2,...n

Definition 1. A feasible solution (Z,u) for (VCP) is said to be an efficient
solution for (VCP) if there is no other solution (z,u), such that

b b
/f(t,x,u)dt</f(t,5c,ﬂ)dt, for some i€ {1,2,...,p}

/f (t, 2, u)dt < /fj z,u)dt, for all je€{l1,2,..,p}

Definition 2 (i). If there exist vector functions n(t,z,z) € R"™, with n = 0 at
tif z(t) = z(t), and ¢ (¢t,u,w) € R™ such that for the scalar function h(t, x,u) the
b

functional H(z,u) = [ h(t,z,u)dt satisfies

b

H(m,u)—H(m,u))/[nThm(t, ) + d;]t hg (t, @, @) + CThy (t, :mu)} dt,

a

then H is said to be invex in Z and @ on [a, b] with respect to n and (.
(ii). Ifforall z € X and u € U,

b

/[nThx(t, ) + dn ——hg (t,7,a) + T hy (t,2 )}dt}O

a

=H (z,u) > H (Z,q),

then H is said to be pseudoinvex in Z and 4 on [a, b] with respect to n and (.
(iii). If for all z € X and u € U,

b

/[nThz(t, a) + d" g (¢, 3, 0) + CThy (8,3, 0) | dt >0

a

=H (z,u) > H (Z,a),

then H is said to be strictly pseudoinvex in Z and @ on [a, b] with respect to n and

C.
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(iv). If for all z € X and u € U,

H (x,u) < H(Z,u)

then H is said to be quasi-invex in Z and 4 on [a, b] with respect to 1 and (.
(v). Ifforallz € X and u € U,

then H is said to be quasi-invex in Z and @ on [a, b] with respect to n and (.

The generalized Schwartz inequality [2] which will be invoked in the forthcoming
analysis, states that
1 )

2(t)T B(tyw(t) < (v(t) B(t)(1)) " (vt B ()
with equality in the above if (and only if)
B(t)z(t) = ¢(t)B(t)z(t), for some q(t) € R.
3. NECESSARY OPTIMALITY CONDITIONS

In this section, we obtain necessary optimality conditions for the nondifferentiable
multiobjective control problems (VCP), using the relationship between efficient so-
lution of the problem (VCP) and the optimal solution of the associated nondiffer-
entiable scalar control problem.

The following lemma will be used to obtain the Fritz John type optimality con-
ditions for (VCP):

Lemma 1 (Chankong and Haimes [7]). If (Z,4) is an efficient solution of
the (VCP) if and only if (Z, @) is the optimal solutions of the scalar control problems
Py.(Z,a) for k={1,2,...,p} where Py(Z, @) is defined as

1
Py(z,u) : Minimize /(fk (t,z,u) + (u(t)TBk (t)u(t)> /2) i@t

I

subject to
z(a) =a, z(b) = p
& =h(t,z,u), tel
g(t,z,u) <0, tel
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for all j € {1,2,...,p}, j#k

Chandra et al. [2] considered the following nondifferentiable single objective Con-
trol problem to determine the necessary optimality conditions:

1
(CP): Minimize [ (f (t,m,u) + (u(t)TB (t)u(t)) /2>dt
I
subject to
z(a) =a, z(b) =p
z=h(t,z,u), tel
g(t,x,u) <0, tel

where f, g, h are the same as defined earlier. Following Craven [8], the differential
equation & = h(t,x,u) with initial condition can be expressed as

may be written as Dz = H(x,u) where the map H : X x U — C(I, R™) is defined
by
H(z,u)(t) = h(t, z(t),u(t)) .t €1
In the following Fritz-John type optimality conditions, some constraint qualifi-
cation to make the equality constraint locally solvable [8] is needed. For this, the

Frechet derivative of
Dz — H(JZ,U) = Q(Z‘,U), (Sa‘Y)

with respect to (z,u),
Q' =Q'(z,u)=|D— H, (%,u),—H, (z,4)] must be surjective.

Theorem 3.1 (Fritz-John condition): If (Z,@) is an optimal solution of
(CP) and the Frechet derivative Q' = [D — H,, (Z,a), —H, (&, @)] is surjective, then
there exist Lagrange multipliers 79 € I piecewise smooth functions y : I — R™,
z: 1 — R"and w: I — R"™ satisfying for all t € I,

Tofe(t, Z,0) +y(t) 9o (t, Z,0) + 2(t) T he(t, Z,0) + 2(t) = 0,t € T

To (fu(t,Z, @) + B{t)w(t)) + y(t) T gu(t,z,0) + 2(t)Thy(t, z,0) = 0,t € T

(10,y(t),2(t)) # 0,tel

The above theorem gives the Karush-Kuhn-Tucker type optimality conditions
if 79 = 1, then (Z,u) will be called d normal. For this, it sufficient to assume the
Zowe’s [9] form of the Slater condition is assumed.

5
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Theorem 3.2 (Karush-Kuhn-Tucker type optimality conditions):
(Z,u) is an optimal and normal solution of (CP), and Frechet derivative Q' =
[D - H, (z,u),—H, (Z,u)] is surjective, then there exist piecewise smooth y : [ —
R" z:I -R"andw:I - R" i€ K,

The following theorem gives the Fritz John type optimality conditions for (VCP)
and will be required to establish the converse duality theorem.

Theorem 3.3 (Fritz John type optimality conditions): Let (Z,@) be an
efficient solutions of (VCP) and the Frechet derivative @’ is surjective. Then there
exist X! € R, i € K, piecewise smooth yy : I — R™, z: I — R" and w’ : I —
R"™, i € K such that

S ON (it 7, 0) — DFL(t T, ) +y(t) go(t, 2, 0) +2(t) ha(t, 2, 0)+4(t) =0, t € T

SN (fit.z,w) + B (tw' (1) +y(t) gu(t, 2,0) + 2(t) " hy(t,7,0) =0, t € T
yt) T g(t,z,a) =0, tel
w(t)T B (b (¢) = (u(t)TBi(t)u(t))l/ 2 ek
w' ()" B (tw'(t)<1, tel, ice K
(A y(t) >0
A\ y(t),2(8)) #0, tel

Proof. Since (Z,u) is an efficient solutions of (VCP), by Lemma3.1, (z,u) is an
optimal solutions Py (Z,u) for each p € K and hence in particular of P;(Z,a).
Therefore, by Theorem 3.2, there exist A\’ € R, i € K, piecewise smooth functions
y:I—R™ 2:I— R"and w': I — R", i € K such that

SON (it 7, 0) — DFL(t T, ) +y(t) go(t, 2, 0) +2(t) ha(t, 2,0)+4(t) =0, t € T

S OXN(fi(t,z,w) + B (0w (1) + y(t) gu(t, 2,0) + 2(t) " hy(t,2,0) =0, t € 1

y(t)g(t,z,a) =0, t €I
1
w0 B () = (" B(0u) 2 i€ K

w'(t) ' Bi(tyw'(t)<1, tel, i€ K
(A y(t) =20
(A y(),2() #0, tel
Thus the theorem follows. O
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4. DUALITY

In this section, we propose the following Mond-Weir type dual to (VCP) and estab-
lish various duality results under suitable generalized invexity:
(VCD): Maximize

/(fl (t.2.u) + (u(t) B (t)u(t)))dt,...,/(fp (t, ) + (u(®) B (1)u (1)) )i

I I

subject to

z(a) = o, z(b) = (4)

SN (it zw) +y(t) galt, z,u) + 2(8) ha(tw,u) + 2(t) =0, te T (5)

i=1

Z)\Z ‘(tx,u) + B ()w () + y(t) gu(t, z,u) + 2(t) hy(t,z,u) =0, t € I (6)

/y g(t, x,u)dt >0 (7)
I
[+ hit.0) - (e 0 (8)
I
y(t) >0, tel (9)
w'(t)'Bi(tw'(t) <1, tel, i€ K (10)
A>0 (11)

Definition 4.1 A feasible solution (Z,u) for (VCP) is efficient if there is no
other feasible (z,u) for (VCP) such that

/f tmudt</f ,z,u)dt for some i€ {1,2,..,r}

/fj(t,x,u)dté /fj(t,j,ﬂ)dt for some je€{1,2,..,r}
T T

In case of maximization, the signs of the above inequalities are reversed. We
require the following lemma in the subsequent analysis.

Theorem 4.1 (Weak Duality): Assume that all feasible (z, @) for (VCP) and
all (x,u, \,y, z,w) for (VCD) that with respect to the same functions n and (.

(A1) NS (fl (t,z,u) + u(t)” Bt (t) w (t))dt is pseudoinvex with respect to
T
the functions n and (.
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f y(t)" g(t, z,u)dt is quasi-invex n and (.
I

(A3): [z(t) (h(t,z,u) — @(t))dt is quasi-invex.
Then the following cannot hold
S T B 1/2 . T .
/ Fit,z,a) + (u(t) B (t)u(t)) dt < / (J” (t,z,u) + u(t) B (t) w' (t))dt
T T

for some i€ {1,2,...,p}
(12)

1
/(fj (t20) + (a(®) B (1) u (1)) /2>dt</(fj (., w) +u(t)" B (¢)w! (¢) )t
1 1
for some j€{1,2,...,p}
(13)

Proof. Suppose, contrary to the result, that (12) and (13) hold. Then (A;) yields
/ (07 (2, 2) £ (6,7 u) + €T (6 w) (i (1 200) + B (O (1)) )dE <0
1 (14)
for all i€{1,2,...,p}

Multiplying each inequality of (14) by A* > 0 and summing up for all i =
1,2,...,p, we get

/{ (t,7,7) (Zxﬂtm>

+¢T(t,a,u) (i N(fL(t,z,u) + Bi(t)wi(t))> } dt <0

i—1 B

(15)

Using the feasibility of (VCP) and (VCD), we have

[v@ sz ade < [y gtt,0,0)de
T 1
This, because of (Az) implies

[ {0 (v 0t.2.0) + a0 (50 gultz0) Jde <o (10

I

Also

207 (h(t,z,u) — (1)) dt

IS
—
N

~
.
>
~
&

S
S~—

\

8l
=~
S~—
S~—

oW

~
[IA
N\

co
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From (Aj3), it implies that

0 >/{77T(t,£,u) (z(t)Thm(t,:c,u)>

(By integrating by parts)
Using n7 =0, at t = @ and t = b we have,
0> / {7 (20 halt,w,0) + 20) + Tt a0 hu(bo,w) fdt (17)
T

Combining (15), (16) and (17), we have

/{n (t,z,x (Z)& (fi(t,z,u) +y(t) gm(t,f,u)+z(t)Thm(t,x,u)+é(t)>

I

+ ¢t a,u (ZAZ fu (t.2,u) + B (t)w' (¢ ))) +y(6)" gu(t,z, )

i=1
+2(t) " hy(t,z,u) } dt < 0
This contradicts (5) and (6). The result follows. O

Corollary 4.1 Assume that weak duality (Theorem 4.1) holds between (VCP)
and (VCD). If (z, u) is feasible for (VCP) and (z,u, A, y, 2, w',...,wP) is feasible
for (VCD) with y(t)Tg (t,z,u) = 0, t € I, then (z,u) is efficient for (VCP) and
(z,u, Ay, z, 0w, wp) is efficient for (VCD).

Proof. Suppose (z,u) is not efficient for (VCP). Then there exists some (Z,u) for
(VCP) such that

< / ( Fi(ta,u) + (u(t)TBi () u (t)) K 2) dt

I

for some i € {1,2,...,p}
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for all j € {1,2,...,p}
N . T B 1/2 N . 1/2
a7 B (1) w’ (1) é(u(t) B (t)u(t)) (w](t) B (t)w’ (t)) ,tel

. T s . 1/2
(using (uﬂ O BI () w? (t)) <1

1
Using a(t)" BI (t) w’ (t) < (ﬂ(t)TBj (t)ﬂ(t)) 2 el forallje (1,2 . p}

these give

for all j € {1,2,...,p}

This contradicts weak duality. Hence (Z, %) is efficient for (VCP).
Now, Suppose (x,u,)\,y,z,wl,...,wp) is not efficient for (VCD). Then there

exists some feasible (i,ﬁ, N, 2,00, ...,d}p) for (VCD) such that

/ (fi (t,&,a) + a(t) B (t) @' (t))dt > / (fi (t,z,u) + u(t)T B (t) w' (t))dt

I I

for some ¢ € {1,2,...,p}

. L T . . T . 1/2
/ (77 @) +a)" B () (1)) dt > / 7 () + (u®) B (1w (1)) )t
I I
for all j € {1,2,...,p}
1
Using (ﬁ(t)TBj (t)a(t)) /2; (a(t)TBj (t) w? (t)), for all j € {1,2, ..., p}
We have

1
/ <fi (t..0) + (a(0)" B (1) (1)) /2>dt > / (£ (t.2w) + u(t)" B (0)w' (1) dt

I I

10
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for some i € {1,2,...,p}

for all j € {1,2,...,p}

This contradicts weak duality. Hence (sr:,u,)\,y,z,wl,...,wp) is efficient for
(VCD). O

Theorem 4.2 (Strong Duality): Let (Z,u) is efficient for (VCP) and assume
that (Z,a) is normal and Q' = [D — H, (Z,u) ,—H, (T, )] is surjective for at least
one k € {1,2,...,p}. Then there exists X € R* and piecewise smooth y : I —
R z:I = R* w":I — R" i=1,2,..,p such that (f,ﬂ,;\,g, z,wl,...,wp)
is feas1ble for (VCD). If also weak duality holds between (VCP) and (VCD), then
(z,4,\, 9,20, ..., wP) is efficient for (VCD).

Proof. As (Z, u) satisfy the constraint qualifications of Theorem 3.2 for at least one
k€ {1,2,...,p}, it follows from Theorem 3.2 that there exist \' € R* , and piecewise
smooth ¢/ : I =+ R™, 2/ : I -+ R, w* € R", i = 1,2, ..., p satisfying

P o
) + Y Nz ) +y () ga(t, 2,0) + 2/ (8) ha (8,2, 0) + 2(t) = 0,t € 1

7 (18)
(150.2.0) + 5w’ 0)
_|_Z)\/Z i + B ( ) ( )) + y/(t)Tgu(t,i‘,fL) + Z/(t)Thu(tajvﬂ) =0,tel
= (19)
1/2

v () g(t,z,a) =0,tel
N> 0,
y'(t)>0,tel
Now setting, for i = 1,2,....,p, i # k

X' = ”‘/ 1+Z)\” ,/\’“:1/ 1—2)\”
z;ék

1#1@

yiy’t/ 1+ZX’ ,z(t)z’t/ 1+ZA”
z;ék 1#

11
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P

Dividing (18) and (19) by | 1+ Y>> X" |, we get
i=1

itk

P
S ONFE ) +y() gt T, u) + 2() e (t, 7, 0) + 2(t) =0t € T

The relations [ §(t)" g(t, z,u)dt >0 and [ 2(t)" (h(t,x,u) — &(t))dt >0 are ob-
I - I -

vious.
The above relations imply that (z,a,X,g,z,wl, ...,wp) is feasible for (VCD).
The result now follows from Corollary 4.1. O

solution at which

(Ay) [ c(®)" M(t)o(t)dt = 0 = o(t) = 0, where some vector o(t) of appropriate
1
dimension

(A2) (a) The vectors y(t)” gz, z(t)T h, + 2(t) are linearly independent. Or

(b) The vectors y(t)” gz, 2(t)* h, are linearly independent.

(A43) z(a) =0 = z(b).

Then (Z,u) is feasible for (VCP) and value of the objective functional are the
same. If also weak duality (Theorem 4.1) holds between (VCP) and (VCD) holds,
then (Z,u) is an efficient solution for (VCP).

Proof. By Theorem 3.3, there exist « € RP, u; € R, us € R, ( € R

Zai (f2)+o®)" (ATfm +y(t) gow + z(t)Thm)

(20)

Dol (£t BH 0w (1) + 06) (X fou+ () o + 20 i) o
+o(t)" ()‘Tfuu +y)" Guu + Z(t)Thuu) + 1y gu + p2z(t) hy =0

o) fi+ o) (ff + B (t)w'(t)) +¢' =0 (22)

0(t)" gz + () gu + p1g + ¥ (t) = 0 (23)

12
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0(t) hy = 0() + 0(t)"hoy + 1o (h — &) = 0 (24)
a'u(t)B'(t) + ¢(t) B'(t) — 2v(t) B'(H)w'(t) = 0 (25)
pyg =0 (26)

poz (h—i) =0 (27)

5 (1 - wi(t)TBi(t)wi(t)) —0,i=1,2,...p (28)
M¢=0 (29)

D) y(t) =0 (30)

(o, 0(t), (1), ¥(t), 1, 2, ¢, ) # 0 (31)
(a,y(t), b1, p2,C, 1) >0 (32)

Multiplying (23) and (24) respectively by y(t) and z(t), we have

00" (y(t) 9.) + o) (v gu) + 1y g+ O Y =0, te I (33)

007 (2 ha) = 20700 + ()T (1) ) +122(®)T (h = (8) =0, t T (34)
Thus by using (26) and (30), from (33), we have
007" (v 9.) + 607 (¥ 9u) =0, te1

which can be written as
[ (0" 00") < St ) at=0 (3)
From (34), we have

/ (00" (20 he ) + o))" (2(0) R, ) )t / 2(0)7 ()t = 0

/ (9(t)T (z(t)Thm> +o)” (z(t)Thu))dt ORI

I I
13
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Using the hypothesis (A3), we have

/ [0(t)T (z(t)Thx + z'(t)) +ot)" (z(t)Thu)} dt =0

I
T .
JACOR R ( () Z’(L;T*;(” ) dt =0 (36)

I

or

Using equality constraints (5) and (6) in (20) and (21), we have

Z (o' = Xpua) y(®) g0 + Y (@ = Mo (2(0) ke + (1))

+ (Z AZ) )‘Tfacw + y( ) oo + Z(t)Thzw) (37)
>
=1

)\l> >\ fuz + y( ) Juz + Z(t)Thuz) =0

Z (@ = Npr) y() " gu + Z (o' — N po) (z(t)Thu>

i=1

+ (Z Ai> o(t)” (Awa +y(t) " gou + Z(t)Thxu) (38)

(Z ”) ()\wa +y(6) guu + z(t)Thuu) =0

These can be written as

Zp: (Oﬂ' _ /\i,ul) ( > + Zp: (ozi _ >\i,u2) ( Z(t)if(ng);-hz(t )

+ (i /\’) A fow + 9 gow + 2(0) haw ) (AT fuw +y() gus + 2(t) huw
i=1 /\ facu + y( ) Gzu + Z(t)Thﬂlu g ’ !

~

A fuw +y(t) Guu + 2(t)” hua

uu

+
N fow + 98 goo + 2(8) haw) (AT fuz + 9(8) gus + 2()" s ( o(t) ) _O
AT frw+ 9y gow + 2(0) how) (AT fuw + () Guw + 2(8)"h ot) )~

14
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NN

AT fow + y(t) " Gu + z(t)Thmg EATfuw +y(t)" gus + Z(t)Thu:vg ) (
T

AT fou + y(t)Tgxu + Z(t)Thxu )‘Tfuu + y(t)Tguu + Z(t)Thuu

Using (34) and (35), we have

[ (s 0)")

I

( EATfm + (1) gun + z(t)Thm; EATfW +y(6) gus + z(t)Thuxg ) ( (1) ) dt =0
N o+ 90 gou + 20 haw) (A Furs + () g + 2() s ¢
By the hypothesis (A3), we have

(9(t)T, ¢(t)T) =0 ie 0(t) =0
Using 0(t) = 0 =

o(t), tel
¢(t), telin (37), we have
P p
Z o — M) y(t) T e + Z (' — A'ps) (z(t)Thg,c + z(t)) =0
i=1

i=1

By the hypothesis (A43) y(t)T gz, 2(t)T hy + £(t), we have

Let o* =0 i € K. Then py = 0 and ps = 0. The relation (22) and (23) implies

¢=0 and ¥(t)=0,tel
From (25) and (28) implies 7%(t) = 0,i=1,2,..,pand t € I.
(o, y(¢),0(t), p(t), 1, 2, ¢, 9 (t)) = 0, implying a contradiction.
Hence o' > 0, i = 1,2,...,p giving gy > 0 and pus > 0 consequently (23) and
(24) imply
g(t,z,u)<0, t €I, h(t,z,u) =0, t €1

15
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Thus (Z, @) feasible for (VCP).
Now (25) gives

Bi(t)u(t) = mBi(t)wi(t) jtel (40)

(67}
The Schwartz inequality

T R (£)ori T i ' T i ey
()" B 0w (1) < (u) B'(tu(®)) = (w®) B (w(®) i€ {1,2,..p} teT

In view of (40) yields

a(t) B (tw'(t) = (a(t)" B'(Ha(t)) E (') Bl (')
If v4(t) > 0, t € I, (28) implies
w' ()T B (tw'(t) =1, i=1,2,...,p
Consequently

1
/
2, t=1,2,..,p

If v4(t) = 0, t € I, then (40) yields B*(t)u(t) =0, t € I. So we still have

o ) T 1/2
a()T Bl (t)w' () = (u(t) B’(t)u(t))

o T 1/2
Fita,a) + () Bl @uc))

This implies that objective functions have the same value. By Corollary 4.1, the
efficiency of (z,4, A, g, z, @', ..., wP) for (VCD) follows. O

= fi(t,z,a) + a(t)T B (t)w'(t), i =1,2,....k

5. RELATED PROBLEM

If (VCP) and (VCD) are independent of t and x these essentially reduce to the
static cases of non- differentially multiobjective programming recently studied by
Husain and Jain [10]. Putting b — a = 1, (VCP) and (VCD) become the following
problems.

(VCPy): Minimize

1 1
<f1(u) + (u"B') /2, oo fP(u) + (u" BPu) /2>

subject to
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sub

(VCDy): Maximize (f*(u) +u” Blw', ..., fP(u) + u’ BPwP)
ject to

k
Z)\Z (fu(u) + B7w7) + yTgu + ZThu =0

i=1
y"g(u) >0
zTh(u)zO
w’ Biw' <1, i=1,2,..,p
A>0, y>0.
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