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Abstract: In this paper we prove the homogenization of the Stokes e-
quation by the method of multiple scale expansion. In particular the cell
problems are clearly defined and an algorithm for obtaining the homogenized
solution is well stated in the concluding part.
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1. INTRODUCTION

Homogenization methods are used for studying the limit behaviour of solution of
boundary value problem with rapidly oscillating coefficients. This theory facilitates
the analysis of partial differential equations with rapidly oscillating coefficients, see
e. g. Jikov et al. [25]. Homogenization was recently applied to different problems
connected to fluid flow through machine elements with much success, see e. g.
[11-15,17-24,27]. One technique within the homogenization theory is the formal
method of multiple scale expansion, see e. g. [1] or [16]. The Stokes equation
is a simplification of the Navier-Stokes equation especially in the incompressible
Newtonian case. It is used in modelling flow of fluid through porous media. A
stokes flow has no dependence on time. This means that, given the boundary
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conditions of a Stokes flow, the flow can be found without knowledge of the flow at
any other time. The homogenization of Stokes equation and Navier Stokes equations
in perforated domains have been studied by different authors see e. g. [6] and [7].
In this paper we consider the homogenization of Stokes equation using the multiple
scale expansion method.

2. THE HOMOGENIZATION PROCEDURE

In this section we consider Stokes equation that governs incompressible Newtonian
flow. Let Q be an open bounded subset of R?, Y = (0,1)2. We introduce the
auxiliary matrix A =(a,;), where a;; = a;j(z,y), and ¢ = 1,2, and j = 1,2 are
smooth functions that are Y periodic in y. It is also assumed that a constant o > 0
exists such that

2
Z (z,9)&& > a |§| for every ¢ € R%.

We now define the matrix A, as

Ao = (ohin) o)~ Aol

asi(x) ajy(z)

and we consider the homogenization of the following boundary value problem

Afue = f—Vp. inQ (1)
divu, = 0 in
u: = OonT

where

AT = —V, - (A(2)V,).

According to the formal method of multiple scale expansion it is assumed that
pe and u. are of the form

ue ()

Z Eiui(x7 x/e) (2)
i=0

p=(x) = Y e'pilw,x/e),

1=0

where u; = u; (x,y), pi = p; (x,y) are vectors which are both Y periodic. Applying
the chain rule to a smooth function 1 defined by

Ve() = ¥(2,y),
where y = %, we see that
Vo %Vﬁévy. 3)
Pluging into (1) we have,
(Ve + = 19) (A (Ve + ) = F — (Vo b9,
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- [5_2 [vy ’ (Avy)] + 5_1 [vw ’ (Avy) + vy : (Avx)] + V- (Avw)] Ue
= f- (Vw + E_lvy) De

or

[872141 + 671A2 + EoAg] Ue = f — (VI + 571vy) De, (4)

where the differential operators A1, A and Az are defined as

A = =V (Avy)
Ay = (V. (AV,) -V, (AV,)
As = -V, -(AV,).

Also
div u. = (divx + afldivy) U

Using (4) and (2) we obtain the full expansion of (1) as,

[5_2A1 +e Ay + EOAS} (uo + euy + 2us + )
= f=(Vo+e'Vy) (po+ep +e%p2+...)

(divﬂC + E_Idivy) (uo +euy + 2us + ) =

Ue =
Re-arranging we obtain
E_2A1U0 +et (Ajuq + Asug) + el (Asug + Ajug + Asuq) + ...
= 571 (vyp(J) f - +€0 (vmp() + vypl) + 51 (Vmpl + vpr) + 52 (Vzp2) .

and
% (divyug + divyuy) + et (divyug) + €' (divyuy + divyug) = 0.

Comparing terms with the same order of € from —2 to 0, we obtain the following
system of equations

Ajug = 0 (5)
Ajuy + Asug = —Vypo (6)
Asgug + Ajug + Aguy = f — Vepo — Vypr (7)
in addition to the following
divgug + divyul = 0 (8)
diVyUO = 0. (9)

Lemma 1. Consider the boundary value problem
Ao® = F in the unit cell Y, (10)

where F € L2(Y) and ®(y) is Y-periodic. Then the following holds true:
20
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(i) There exists a weak Y - periodic solution ® of (10) if and only if

1
— Fdy = 0.
|Y|/y y=0

(ii) If there exists a weak Y - periodic solution of (10), then it is unique up to

a constant, that is, if we find one solution ®y(y), every solution is of the form
D(y) = Py(y) + ¢, where ¢ is a constant.

Proof. See [1, p. 39].

O
From (5)

A1U0 =0
implies that

Uo (.’E, y) = Up ($) 9
since A; is a differential operator in y.
From (8)

diVm’U,O + diVy’Lbl =0

Integrating over the period Y we have

/ (divyug (z)) dy + / divyu; (z,y) dy = 0.
Y Y

By periodicity [, divyu; (z,y)dy = 0 and [, (diveu (z)) dy = [Y|divaug (z) .
Hence, the last equation reduces to

Y| divyug () =0
or
div,ug () = 0.

Substituting (11) into (8) we find that

divyu; = 0.

From (6)

A1u1 + A2U0
A1U1

7vyp0
= [Vu- (Avy) +Vy- (AV,)]ug (z) — Vypo
Vy - (AVy) ug (z) — Vypo.

(13)

But ug being a function of = only, implies that V, - (AVy)ug (z) = 0.
From (12) and (13) we have

Arug

divyu;

(Vy - (AV2)) uo (x) = Vypo
0.

To obtain the cell problems we simplify (13) as follows

Ayuy = (Vy - (AVy)) uo (v) — Vypo.
21
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By linearity u; must be of the form

U ou,
70 + UZ(xay)i

Uy = 01 (mvy) 0
Ox1 O

and so

ou ou
A (a5 + a2

Grouping like terms we obtain

Oug Oug
—Vy- <A€1 81‘1) Vy - (AV,) v (z, y)a—%1 = 0
8u0 8u0
-V, - <A62 6561) -V, - (AVy) va(z, y)a—x2 =0
-V, - (AVy) v (x) + Vypy = 0.
This simplifies to the following cell problems
Vy . (A (Vyvl + 61)) = 0 (14)

Vy - (A (Vyvz + €2))
—Vy - (AVyv0) + Vypo

From (7) we have
Asug + Arug + Asuy = f— Vapo — Vypi.

Averaging over Y we have
/ (Azuo + Aruz + Aguy) dy = / (f = Vapo — Vyp1) dy.
Y Y

But [, Ajusdy = 0 and [ V,pidy = 0 by Y-periodicity (since up and p; are
periodic in Y). This reduces the last equation to

/ (Agquy + Asug) dy :/ (f = Vapo) dy
% %

or

/ (AVyui1) + V- (AVyur)| dy — / V- (AV,up) dy
Y

f pro

».<
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Now fy - (AVuy)dy = 0 since AV, uy is periodic in Y. We thus, have

/ *vx N (Avyul) dy - / vz : (Avmuo) dy = |Y| f - Vm/ Po (l',y) dy>
Y Y Y

i. e.,
auo auo
/Y —Vy - [Avy <v1(ﬂc,y)av + 112(:1c,y)a—v2 + v (m))} dy
an 8
= \Ylf—Vgc/Ypo(fc,y)dy,
or

8u0
VI.{_axl/YA(Vyvl—ﬁ—el)d 92y

= IYIf—Vszo (z,y) dy+Vw-/YAVyvo (z) dy.

/A V 1)2+€2)dy

Since Vg - [y, AVyvo (z)dy = 0, If we let [, po (z,y)dy = po (z) and Y] = 1
then we have the following homogenized equation

v {gm (i )+ (20))
= f—V.po(x)

v {( bii (x) b1z (z) ) ( % )}
x U
b21 (I) b22 (SC) ng
= f—Vapo (I) .
In a more compact form the homogenized equation can be written as
Ve A{B(2) Vuo} = f — Vapo (2) (15)

where the matrix B () is a matrix function defined by B (z) = b;; (2) in terms of
v, and vo as

<Z; Ei; ) = - /Y [A (Vyv1 + e1)] dy, (16)
(20) = - [ @l

If we let
A=V, -{B(z)V},

(15) can be written as
Ay = f — Vo (z) in Q. (17)
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Combining (11) and (17) the homogenized boundary value problem of (1) is
given by

A%y = f— Vo (z) in Q
divyug (z) = 0in
up(x) = OonT.

3. CONCLUSION

We have proved that an approximate solution of equation (1) can be obtained by
following the algorithm below.

1. Solve the three local problems (14).

2. Insert the solutions of the local problems into (16) and compute the homoge-
nized coefficient B ().

3. Insert B (z) into the homogenized equation (15), which corresponds to the
approximate solution for (1), and solve for ug.
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