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Abstract

First Integral method obtains some exact solution of non-integrable equations as well as integrable ones.
This article is concerned with First Integral method for solving the solution of dispersive long wave system.
It is worth mentioning that this method is based on the theory of commutative algebra in which division
theorem is of concern. To recapitulate, this investigation has resulted in two exact soliton solutions of the
given system. In addition, some figures of partial solutions are provided for direct-viewing analysis. The
method can also be extended to other types of nonlinear evolution equations in mathematical physics.
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INTRODUCTION

In various fields of science and engineering, many problems can be described by non-linear partial dif-
ferential (PDEs). The investigation of exact solutions to nonlinear evolution has become an interesting
subject in nonlinear science field. To find some exact soliton solutions in high dimensieg-(éhd
(3+1)-dimensions) is much morefficult than in (&1)-dimensions.

Moreover, since the time when the soliton concept was first introduced by Zabusky iR 1865study

of the solutions of Partial Mierential Equations (PDEs) has enjoyed an intense period of activity over
the last forty years from both theoretical and numerical points of view. Additionally, nonlinear evolution
equations have been the subject of study in various branches of mathematical-physical sciences such as
physics, biology, chemistry, plasma, optical fibers and computer technology.

In recent years, other methods have been developed, such as the Backlund transformatidd nizhod

boux transformatiddl, tanh method-B!, extended tanh function methéd, modified extended tanh func-

tion method!, the generalized hyperbolic functi@j, the variable separation meti@fand First Integral
method was first proposed by Feng in 2802 recently this powerful method is widely used by many
researchers for exampi82, Abbasbandy and Shirzadi anticipated the first integral method to solve
modified Benjamin-Bona-Mahoney equatith The aim of this paper is to find exact soliton solutions for

the dispersive long wave {2)-dimensional systelf! by the first integral method.
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1. FIRST INTEGRAL METHOD

Consider a general nonlinear partiaffdrential equation in the form:
F (u, utv uXa utt, uXX, uth .. ) = O, (1)

Whereu = u(x,t) is the solution of nonlinear PDE equation (1). Furthermore, the transformations which
are used are as follows:

uxt)=U(4). &=ki(x+ky—Kkat). )
Wherec is constant. Using the chain rule, it can be found that
0 0 0 0 92 , 02
G0 = akegz O Z0=kzz 00 550=K50.0 3)

At present, equation (3) is employed to change the nonlinear PDE equation (1) to nonlinear ordiagary di
ential equation

G(U(&), Ug(), Uge(é). .. ) =0 4)
Next, a new independent variable is introduced as:
0
x@-u@. v-"F. ©
This yields a system of nonlinear ODEs
X (€)=Y (&),
Ye (§) = F1(X(8).Y (). (6)

If it is revealed that the integrals to equation (6) are under the same conditions of the qualitative theory
of ordinary diferential equatid®®, then general solutions to (6) can be solved directly. However, it is
generally so dficult for us to realize this even for one first integral, because for a given plane autonomous
system, there is no systematic theory that can tell us how to find its first integrals, nor is there a logical way
for telling us what these first integrals are. Thus, Division Theorem is used to obtain one first integral of (6)
equation. Now, let us recall the Division Theorem:

Division Theorem:

Suppose thaP(w, z) andq(w, 2) are polynomials irC[w, Zl and P(w, 2) is irreducible toC[w, Z]. If q(w, 2)
vanishes through all zero pointsBfw, z), then there exists a polynomialw, 2) in C(w, ) such that

qg(w, 2) = P(w, 2G(w, 2)

See [16].

2. (2+1)-DIMENSIONAL DISPERSIVE LONG WAVE

In this section, it is aimed to discuss the dispersive long wavd Y2limensional system, written in the
form of the following equations:

u 1(,2) —

ty + Vx + 2(u )Xy =0, Ko

Vi + (UV+ U+ Uy), =0.
The celebrated (21)-dimensional dispersive long wave equation are firstly obtained by Boitil¥t ahd
has been found in some studies conducted by Ablowitz and Clarkson[18]. Furthermore, extended homoge-
neous method was used by Zhang Jie-Feng in 2002 to investigate dispersive long-wigvelif@ensional
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systenftl. It is necessary to state that equation (7) plays an important role in nonlinear physics. That is to
say, some special similarity solutions are also givéiflin
By using the transformation

U(X, Y, t) = U(f)v V(X’ Y, t) = V(f)’ f = k(X+ |y_ /lt)

equation(7) changes into:

—I AU (&) + kVie (&) + 5(U? (f))

8
—M&@?+ﬂN$V@?+U@0+HU&@»
Where by two integrating the first equation of the Eq.(8), respegtitacan be found that
V() = U @ - —Uz(f) + 0 )
Whit integrating the second equation of the Eq.(8), respegtitacan be obtained that
—AV (&) + (U @)V () + U (€) + KU (&) = da. (10)
Substituting (9) whit Eq.(10), the following equation will be achieved:
_ d2 + /ldl /12 3
Ve = 251 4 (1 - | |U @4 25020+ 550%6, tE

Whered; andd, are two integration constants. According to the first integral method, by using (5) and (6),
it will be determined that

X(6) = Y. (12)
d2 + /ldl /12 d]_
VO = T 4 - K@+ @+ 5X0 13)

We suppose that(¢) andY(£) are nontrivial solutions of (12) and (13) aglX, Y] = E a(X)Y =0isan
i=0

irreducible polynomial in the complex doma@jX, Y] such that
m .
a[X©.YE]= > aX)Y =0, (14)
i=0

Whereg;(X)(i = 0, ..., m) are polynomials oK andan(X) # 0. Equation (14) is called first integral to (12)
and (13). Due to Division Theorem, there exists a polynog(id) + h(X)Y in the complex domai€[X, Y],
such that

dg dgdX dqgdy

&:&E+Wg=mmmmw;amw (15)

In this example, By assuming thait= 1 in equation (14), and by equating the fiaents ofY'(i = 2,1, 0)
on both sides of equation (15), these will be:

.09 = 2 (9N (X). (16)
20(X) = 2 ()00 + 20 (N (¥). a7)
2

a1 E M+ (- )X @+ 3520@ ¢ 5@ =20 09909. (19
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Sincea;(X) is a polynomial ofX, then from (16), it may be deduced ttaatX) is a constant and(X) = 0,
we takea; (X) = 1. Balancing the degrees gfX), a;(X) andag(X), it is concluded thatleg g(X) = 1, only.
Suppose thag(X) = Bg + A1 X, (A1 # 0) then we will find that

ag(X) = %Alx2 + BoX + Ag (19)

Where A is an arbitrary integration constant. SubstitutegX), a;(X) and g(X) in equation (18) and
setting all the cofficients of powersX to be zero, then a system of nonlinear algebraic equations can be
resulted in. Having solved the given equation, the following solutions will be attained:

1 A d1+1
Al=+—, By=+—, Ay=+ VK, 20
1=t Bosep | (20)

Using the conditions (20) in equation (14), it can be searched out that

Y@ = —(ixz(§)+ Zx@- Gl (21)

2k vk '

Expression (23) is the first integral of (12). Combining equation (23) with equation (12) we find the exact
solution to equation (11) will be found as follows:

Uy (¢) = -1+ 1 2lk(dy + 1) + Azlztanh(ﬁ V2Ik(d1 + 1) + 2212 (& + &),
Vi(€) = di+ U1 (6) - 2U2(8).

Where&, is an arbitrary integration constant. Then, the exact soliton solution of dispersive long wave
(2+1)-dimensional system(7) can be written as:

Uy (x.y.t) = = + L y2IK(dy + 1) + 12P2tanh (ﬁ V2IK(dr + D) + 22 (K(x+ ly — At) + go)),

Vi (X’y’t) = dl + I?/lul (f) - %(Ui (f) .

(22)

(23)

For direct-viewing analysis, we provide the figureaugfx, t) andvi(x, t), where we choosé; = & = 1 =
0,1 = andk = 2.

_3-
a0 1m0

¥ x * ¥

Figurel (a) Graphic of the soliton solution ui(x,y,t)  (b) Graphic of the soliton solution v1(X, Y, t)

In the same way, in the case of (20), it can be acquired from equation (14) that

Y(©) = —(_—1X2(§)— X (@) + drlg (24)

2k vk '
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Expression (26) is the first integral of (12). Combining equation (26) with equation (12) we find the exact
solution to equation (11) will be attained:

Uz (&) = -1 - 1 2Ik(dy + 1) + A22tanh(51s V2Ik(d1 + 1) + 212 (€ + &),
Vo (€) = di+ 11U, (6) - U2 (8).

Where&, is an arbitrary integration constant. Then, the exact soliton solution of dispersive long wave
(2+1)-dimensional system(7) will be achieved:

Uz (x.y.) = —4 — L 2IK(dy + 1) + 2P2tanh (ﬁ 2Nk(dr + 1) + 22 (K (X + Iy — At) + go)), 26
V2 (X’ Y, t) = dl + %UZ (6) - ZI_kug (6) .

As a final notion, these solutions are considered as new exact soliton solutions for dispersive long wave
(2+1) dimensional system.

(25)

CONCLUSION

In this study, First Integral method was described to find exact solutions of the dispersive long whye (2
dimensional system. Consequently, two exact soliton solutions were obtained to the dispersive long wave
(2+1)-dimensional system. In spite of the fact that these new soliton solutions may be important for physical
problems, this study also suggests that one may fifférént solutions by choosingftirent methods.
Therefore, this method can be utilized to solve many systems of nonlinear paffitabdtial equation
arising in the theory of soliton and other related areas of research.
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