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State Feedback Stabilization of Discrete Singular
Large-scale Control Systems

SUN Shuiling®*
CHEN Yuanyuan

Abstract: This paper studies the state feedback stabilization of discrete singular large-scale
control systems by using Lyapunov matrix equation, generalized Lyapunov function method and
matrix theory. There gives some sufficient conditions for determining the asymptotical stability
and instability of the corresponding singular closed-loop large-scale systems while the
subsystems are regular, causal and R-controllable. At last, an example is given to show the
application of main result.
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The theory of singular control systems has been applied to our life more and more extensively, such as
power systems, economic systems, population systems, etc. But these systems often contain more than one
singular system which compose singular large-scale control systems.  Singular large-scale control
systems have a more practical background. The actual production process can be described preferably by
singular large-scale control systems, particularly by discrete singular large-scale control systems. The
causality of discrete singular systems makes related results complicated and challenging for us. At present,
the research results of the problem above are seldom. The asymptotical stability and stabilization of
singular large-scale systems has been considered by Lyapunov function method in [Zhao Jian-chuan,(2008),
Zhang Qing-ling,(1997)]. This paper consider the same question by introduce weighted sum Lyapunov
function method, and give its interconnecting parameters regions of stability.

1. DEFINITIONS AND PROBLEM FORMULATION

Consider the discrete singular large-scale control systems with M subsystems:

Ex (k+1)=Ax (k)+ i Ax; (k)+BU; (k) (i=1---,m) @
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where  x (k)er™ IS @ semi-state vector, u,6 e RrR™ is a control input

m m m
vector; A, , E, e R, B,eR"™, they are constant matrices; S'n =n.> r =r . Zmi =1,
i=1 i=1 ey

rank (E;)=r, <n;» rank(E)=r<n,
E =Block —diag(E, E, -+, E, ) , B=Block—diag(B,,B,,--+B,) -
Now we give some concepts about discrete singular system
Ex(k +1) = Ax(k) (2)
and discrete singular control system
Ex(k +1) = Ax(k)+Bu(k) 3)
where E and A are nx n constant matrices, B is a nx m constant matriX, rank (E)=r<n, x(k)e R"iS a
semi-state vector, u(k)e R" is a control input vector.

Definition 1[Yang Dong-mei. Zhang Qing-ling, 2004]: Discrete singular system (2) is said to be regular
if det(zE—A)=0 forsome zeC.

Definition 2[Yang Dong-mei, et al., 2004]: The zero solution of discrete singular system (2) is said to
be stable if for every ¢ > 0 there exists 6 >0, such that"x(k; Ko X )” <¢, forall k >2k,, whenever the

arbitrary initial consistency value x(k, ) = x, which satisfies ||x||< & .

Definition 3[Yang Dong-mei, et al., 2004]: Discrete singular control system (3) is said to be causal if
x(k) can be uniquely determined by x(0) and control input vectors u(0),---, u(k) for any k .
Otherwise, it is said to be non-causal.

Now consider the isolated subsystems of systems:

Ex (k+1)=Ax(k)+BU, (k) (i=1---,m) 4)

Assume that all systems of systems (4) are R-controllable, we choose the linear control law

U, (k)=-Kx (k)(i=1---,m) (5)

Then singular closed-loop large-scale systems of systems (1) are given by

Ex (k+1)=(A -BK)x (k)+ > Ax (k) (i=1--m) (6)
=1, j=i

The corresponding closed-loop isolated subsystems are

Ex (k+1)=(A -BK;)x (k)(i=1---m) (7

In order to investigate the stabilization of discrete singular large-scale control systems (1), we give the
following lemmas:

Lemma 1[Dai Li-yi, 1986]: The system (3) is said to be R-controllable if rank[zE - A B] = n for
some zeC.

Lemma2[Dai Li-yi, 1986]: Discrete singular control system (3) is said to be causal if and only
if deg {det (zE - A)} = rank (E).

Lemma 3 [Wo Song-lin, 2004]: Assume that u,ve R", V e R™" is a positive semi-definite matrix, then
2u'Vv < gu™Vu + ¢ v'Vv holds forall & >0.
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Lemma 4[Wo Song-lin, Zou Yun, 2003]: Assume that the system (2) is regular and causal, then it is
asymptotically stable if and only if given positive definite matrix W ,there exists a positive semi-definite
matrix V which satisfies A'VA-E'VE = -ETWE .

Lemma 5[Liang Jia-rong, 2000]: Assume that the system (2) is regular, causal, and there exists a
function v (Ex) which satisfies the following conditions:

(a) v(Ex):(Ex(k))TV(Ex(k)) where VvV is an positive semi-definite  matrix, and
rank(ETVE):rank(E):r;
(b) AV (EX) < 7(Ex(k))T w (Ex(k)) , Where W is a positive definite matrix;

then the sub-equilibrium state of system(2) EX =0 is asymptotically stable.

2. MAIN RESULTS

Theorem 1: Assume that all isolated subsystems (4) of systems (1) are R-controllable, all closed-loop
isolated subsystems (7) are regular, causal and asymptotically stable, and there exists a real number x > 0

which satisfies that

[Aixj (k)}T [ijj (k)] < /U[Eixj (k)]T [ijj (k)J (ij=L--m j=i) (@)
then when
2W, =V, —2(m=1%uay 1, > 0 (i=1--m) 9)

the zero solution of the singular closed-loop large-scale systems(6) are asymptotically stable, the
discrete singular large-scale control systems(1) are stabilizable. The interconnecting parameter region of
stability is given by (9). Herew is a positive definite and v, is a positive semi-definite matrix by Lemma4

iven,and 4,, = max {1,, (V;)} and I, isa n, xn, identity matrix.
g M ]SISm{M(V')} i |>< i y
Proof: systems (7) are regular and causal, as they are asymptotically stable, then given positive definite
matrix w, , Lyapunov matrix equation (A -BK,)'V,(A,-BK)-E'VE =—-E'WE, have positive
semi-definite solution v, .

Construct quadratic form v, [ E,x, (k)]=[Ex (k)] V;[Ex (k)] as the scalar Lyapunov function of
systems (7).

Let v[Ex(k)]= Zm:vi [ E;x (k)] as the Lyapunov function of systems (1).
i=1

We have

v [ (k)] ={[x (k] W[ Ex (k2] B (9 v [Ex (K]

m

| -am 0 3 Ax 0] volia-akx w0 3 Ax (0] ex TV [Ex]

J=1j=i j= =

(0] ~8K WA ~8)-EE 3 (02 3 a0 V(A -8K)a(k]

j=Lj#i
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{ > Ax (k) } {Z AX, k)}

j=1,j=i j=1 j=i
By using Lemma 3 > choose & =1, we have

w[Ex (K ]I( SUETCHUE Pt ]

j=jA LA

H(A-BK)x (W] V[(A-BK)x (]

- -5WE (-3 5 } | 500 e 005 - (a8 x4

JALjA A jA

=X (K)[-2EW,E, + EViE, |x, k)+2{ > AX( } i{ i ijj(k)}

=1 j# = j#

Noticing that

S } {z = 3 ] u] 3 o

1,

i.[w st 4T A ]
<m0 330 (A () A (6) (A () Ax, (K]
<£4, (v)jgmg#[(m ()% () +{Ex () Ex (4]

)] 2m-) 3 (£, (£ 40)]| =(m-Dai () 3 (£ (0] (2 (0)
Thus
2 [E ()], <26 (WL (0] + B (] VB (] 2(m-1wr (4) 3[BT [E91]

Here 4,, (V, ) denotes the maximum eigenvalue of matrix V, . Thereby -
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m m T )
AVIEX(K)] | )= iglAVi[Eixi (K)] ) < —igl((EiXi (k)) (ZWi =V —2(m-1)" pdy, IiXEiXi (k))

Noticing that
zvvi _Vi _Z(m_l)zll'l/lM Ii >0(| =1|21"'um)

by using Lemma5, we know, limv (Ex) =0, therefore limEx (k)=0 (i=1--m).

®
To prove 7z (k)=Q™x, (k):{Zi (k)} — 0(k = ). By noticing that systems (7) are regular and
Z!

causal, there exists reversible > matricesP, » Q, (i =1,---m) which satisfy

Ii(l) 0 P.(A. - B.K = Mio

Let
ORNC
PAQ. = ij ij (i,j=1,---,m,i¢j)
(M Y| Ai521) Ai§2)
] 7 (k)
z,(k)=Q 1Xi(k)z[z_(z)(k) |

where 1Y 1%is rxr and (n, —r,)x(n, - r, ) identity matrix, respectively. P> Q > m » Al > Al >
A >l are corresponding dimension constant matrices. Thus the singular closed-loop large-scale

systems (6) are equivalent to

2 () =Mt )+ 3 (A2 ()42 ()

j=Lj

0=27(K)+ 3 (A% (k)+ A7 (K)

L ji

Noticing that

€]
REX =REQQ: "X =REQ2 (k):(zi O(k>)

O (1) = (10 ) () = ; _
we have 2" (k)= I, o)PiEpg.an;zi (k)=0 holds from limg x (k)=0.

Noticing that

AL AT (2 (0
|:)iAinJ' (k):[Ai(jZI) AiEZ) Z(jz)(k)
we have

(A% (k)+ APZP (k)= (0 11 )RAX (K).
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Noticing that Jim Ax; (k)=0 holds from (8), that is lim(A™z" (k)+A”2 (k))=0, s0
im72 (1) —
limz (k)=0.

Hence, limz (k) =0, that is limx(k)=0. The theorem 1 is proved.

Theorem 2: Assume that all subsystems (4) of system (1) are R-controllable, all closed-loop isolated
systems (7) are regular, causal, and given positive definite matrixw, , there exists a positive semi-definite

matrix v, which satisfies
(A ~BK)'V (A ~BK)-EVE =E'WE, (i=1--m),
if there exists a real number £ > 0 which satisfies
[Ax ()] [Ax (K)]<u[Ex (O] [Ex (k)] (j=L-mi=j) (10)
then when
W, =V, —4m-1)°uay 1, >0 (i=1---m) (11)

the zero solution of the discrete singular closed-loop large-scale systems(6) are unstable, the discrete
singular large-scale control systems(1) are not stabilizable.

1
Proving is similar with Theorem 1. Here taking ¢ = E (in Lemma 3).

3. EXAMPLE

Consider the following 5-order discrete singular large-scale control system which consists of two
sub-systems

Ex (kD) =Ax(K)+ 3 Ax (k)+BU,(K)

fEye (=12 (1)
where
10 0 01 0
E=[0 0 1] _ (10 B=10118B,=1
000) 2 (00 10 2
1 1
L =0
; 00 n
1 1 1 0 1
Ay=| 0 0 > A= 0 6 6 1
2 5 A, = — 0
0 1 0 00 1,1 A, =|2
: : 5 5 01

We choose the control law
U; (k) =-Kix (k) (i=12)
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4.

4 0 0
3
4

V,=|0 = 0

001 ' 3 4
K, = 2| « _[1 Oj ﬂ_} 0 0 0|V,=[3
, = B B =

here 000 , 2 ,andV\/l_|3,W2_|2, 8,then 0 0,

it is easy to test that (8) and (9) are held, then we know this system (12) is stabilizable from Theorem 1.

CONCLUSION

In this paper, the state feedback stabilization of discrete singular large-scale control systems is investigated

by

using generalized Lyapunov function method. According to the bound limit parameter of

interconnecting terms, there gives some sufficient conditions for determining the asymptotical stability and
unstability of the singular closed-loop large-scale system while the subsystems are regular, causal, and
R-controllable.
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