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Delaunay-like Hypersurfaces in S

Fei-tsen Liang!

Abstract: Consider S™! ¢ R? x R" and allow the subgroup O(n) € O(n + 2) to act on S"*! by
its action on the last n coordinates. Then one asks for CMC surfaces of §"*! that are invariant by
the action of O(n). The resulting hypersurfaces are the so-called rotational CMC hypersurfaces
of §"*! and the Delaunay-like hypersurfaces constructed in [1] are examples of such surfaces
with small necksize. The main aim of this paper is to construct Delaunay-like hypersurfaces with
slightly larger necksize
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1. INTRODUCTION

Classical examples of non-trivial constant mean curvature (CMC) surfaces in three dimensional Euclidean
space R are the sphere, the cylinder and the Delaunay surfaces, and for a long while they were only known
CMC surfaces. In 1984 Wente discovered a family of compact CMC tori immersed in R?. The technique
used by Wente have culminated in a Weierstrass representation for CMC surfaces in R>. Amongst later
developments is the gluing technique for constructing CMC hypersurfaces in R® from simple building
blocks. This technique was pioneered by Kapouleas [4] and used perturbation arguments from the theory
of geometric partial differential equations to construct many new CMC surfaces: e.g. compact surfaces
of higher genus and non-compact surfaces with arbitrary number of ends by fusing together spheres and
Delaunay surfaces. In [6], the building blocks for gluing techniques become two orientable, immersed,
compact, nondegenerate CMC surfaces with nonempty boundary and a catenoidal neck inserted between
them. The catenoids are truncated at the right scale so that their boundaries fit as well as possible with the
small curves produced by exciting small balls around the points where the two surfaces are closest to each
other. In [5] CMC surfaces of genus g with k ends are constructed by attaching Delaunay ends to complete
minimal surfaces of finite total curvature in R® of genus g with k ends. In [7], half-Delaunay surfaces
are attached to arbitrary points of any nondegenerate CMC surfaces to construct new nondegenerate CMC
surfaces.

The corresponding theory of CMC hypersurfaces of higher dimensions or in other ambient manifolds is
not progressed as far as it is in R?. The theory on CMC hypersurfaces in hyperbolic space has developed e.g.
in [8],[9],[10], which is however not such a vast departure from theory of CMC hypersurfaces in R"™!, due
to the non-compactness of the hyperbolic space. Much less is known when the ambient space is the sphere.
The classically known examples in S"*! are the hyperspheres obtained from intersecting S™*! with affine
hyperplanes, and the so-called generalized Clifford tori which are products of lower-dimensional spheres of
the form T4? := 8P(cos ) X SY(sin @) for p + g = nand @ € (0, 7/2).

In [5], [6] and [7], gluing techniques are adapted in order to construct CMC hypersurfaces in S™*!.
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The central idea is to position hyperspheres and/or generalized Clifford tori of the same mean curvature
H throughout $™*! in various ways such that each building block is separated from its neighbors by a
small amount. After appropriate small modifications of this initial configuration, catenoidal necks are then
inserted between the building blocks at the points where they come closest to each other. This approximate
solution S is then perturbed until it has exactly CMC. One crucial step is to choose an appropriate Banach
space so as to express a small perturbation of the approximately CMC surface S as a normal graph over S
whose graphing function belongs to this Banach space. Once this is done, the desired perturbation is shown
to exist by applying the Banach space inverse function theorem to the mean curvature operator. In applying
the Banach space inverse function theorem, the symmetries of the initial configuration play the important
role in ruling out the existence of Jacobi fields which are non-trivial elements of the kernel of the linearized
mean curvature operator of the constituents of S.

1.1 Delaunay-Like Hypersurfaces of S"*!

Let S, be the hypersphere obtained by intersecting S"*! by an affine hyperplane passing a distance cos a €
(0, 1) from the origin. The mean curvature of S, is the constant H, := ncota. The construction of the
Delaunay-like hypersurfaces begins with defining the rotation

cosd —sinfd O
Ry=| sin@ cosd O |,
0 0 1,

where I, is the n xn identity matrix. The rotation Ry generates the geodesic y formed by intersecting S” with
the (xo, x1)-plane. Any pair of rotated hyperspheres R’;a ++(8¢) and R’;:;LT(S «) are separated by a distance 7.
The following result is proved in [1].

Theorem 1 ([1], Main Theorem 1) Suppose vy is the great circle in S™*' generated by the one-parameter
family of rotations Ry € S O(n + 2). For every a € (0,7/2) and sufficiently small T > 0, there exists a CMC
hypersurface A, r of mean curvature H, := ncota which is approximately equal to a union of hyperspheres
of the form R’éa ++(8 o) that are separated by a distance T from each other and connected by small catenoidal
necks.

As T — 0, the hypersurfaces A, converges in the C* topology to the union of hyperspheres of mean
curvature H, positioned end-to-end along vy.

The Delaunay-like hypersurfaces constructed in Theorem 1 are either non-compact and immersed, com-
pact and immersed, or compact and embedded depending on the values of @ and 7.

1.2 Statement of Results

Based on Theorem 1, the main aim of this paper is to prove the following result.

Theorem 2 (Main Theorem) For every a; € (0,7/2) and sufficiently small Ty, let Ay, -, be as con-
structed in Theorem 1, and let Ay, 7, = Uy Rém . (Agm), the central part of Agm being around the neck

and the rotation Ry being introduced in Theorem 1. Then for sufficiently small .. > 0, there exists a CMC

' . — i k A0 .
hypersurface Aq, 1, a,.r. Of mean curvature H,, := ncota; which is of the form | J; Ry e ie, (Ag, rian2)s
0

the constituent piece N, ;, ,, . is a deformation of the approximate hypersurface obtained by first separat-
ing the upper and lower halves of Agm by a distance 1. and then connecting them by small Delaunay-like
necks included in A, -,, for some ay, T, determined by Ty and 7., @y > a1, T2 < T1.
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As 1. — 0, the hypersurfaces Xamm,u converge in the C* topology to the hypersurfaces Aq, +,.

From this, we obtain immediately the following.

Corollary 3 Forevery a € (0,7/2), there exists a one parameter family of rotational CMC hypersurfaces
of mean curvature H, := ncota; these hypersurfaces are periodic and cylindrically bounded, and they
converge, on one side, to a sequence of spheres, and on the other side, to a cylinder-like hypersurface.

2. REVIEW THE PROOF OF THEOREM 1

It is essential for the proof of Main Theorem 1 to have a thorough understanding of the construction in the
proof of Theorem 1 [1]. Thus here we give a sketch of the construction.

2.1 Parametrization of S ,. Normal Graph over S,

Let p be the point p = (1,0, -+ ,0) and let p* := R*!(p) € S,,. Choose a parametrization of S, \ {p*, p~} in
which rotational symmetry around the geodesic v is in evidence; namely, the parametrization

(1, ) € (0,7) x 8! > (cos a, sin @ cos y, sin a sin u®), (1)

where © : S""! — R”" is a parametrization of S"~! of the unit sphere in R”".

Let f : S, — Rbe afunction on S ,. Then one can parametrize the normal graph over S , corresponding
to f by
(U, ®) = (cos(a + f(u, ®)), sin(a + f(u, ®)) cos y, sin(a + f(u, @)) sin u®).

2.2 Stereographic Coordinates Adapted to a Pair of Hyperspheres

The construction in [1] uses canonical coordinates that are well adapted to the pair of the hyperspheres
R’;a +(8e) and R’;giT(S «)- These are defined as follows. First, note that the points of closest approach

between the rotated spheres R’;MT(S(,) and RS (S)areRE  (ph) e R’;MT(SQ) and RX*! (p7) e REL (S ,),

k ] 2a+71 . 2a+T1 ’ . 2a+T1 2a+1
and therefore the point Ri]:]/z(l?) lies on the geodesic y at the midpoint between these two hyperspheres.

Now let K : §"*! — {—p} — R"*! denote the stereographic projection centered at p defined by

xl xn+l )

K(x09-xla"'s-xn+l)::( sty
1+x0 1+x0

Then the desired adapted coordinates are given by the inverse of the mapping K o R;Erzf/;l) S O
(=R ()} > R

a+1/2

The coordinate image of the geodesic v is the y'-axis. The coordinate images of the two hyperspheres
R’;a +(8e) and R’;(’;LT(S(,) are two hyperspheres symmetrically located on either side of the origin centered
at two points on the y'-axis. Indeed, the coordinate image (y',y) of any point of S"*! of the form (1) lies on

the locus of points satisfying the equation

o' +dy + 151 =7, )
where r = r(a, 1) = staw/z)’ and d = d(a, 1) = #:&r)r/z) Observe that d — r = tan(t/4) is

displacement from the origin of the hypersphere determined by (2) in these coordinates.
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2.3 Normal Perturbation of the Hyperspheres

Each hypersphere in the initial configuration is perturbed slightly in the normal direction. In order to
preserve symmetry with respect to Ry,.., the same perturbation will be used for each hypersphere. Thus it
suffices to explain how S, is perturbed.

The normal perturbation begins with the choice of a function G : §, — R which determines the normal
perturbation. For this, recall that the linearized mean curvature operator on the space of normal graphs over
the hypersurface A in Sl is L4 := A + ||Ball> + 1, where A, is the Laplacian of A and B, is the second
fundamental form of A. In the case A = S,, then £, := sin"> @(Ag» + n). Now we choose G to be the
®-independent solution of the equation £,(G) = 0 which is singular at u = 0 and u = 7 and symmetric
with respect to u — m — u. Explicitly, this function is

o] —sin" o

G(u) := —sinu — cos,uf ——————do.

x/2 cos2 o sin ™ o

whose asymptotic expansion at i = 0 is

G = —1+1log2—logu+O@?|logul), n=2
W + O(]J4_ﬂ), n>3

Choose a small parameter £ > 0 and define the normal graph

S =exp(e” 'GN)(S o \ {p*. P}

where N, is the outward unit normal vector field of S,. The coordinates y(u, ®) € R"™! of a point in the
stereographic projection of the perturbed hyperspheres R¢ (S ,) satisfy

2a+1
Y = =D + \IRW?P - [FIP
where R(u) := sin(ae”_+G() and D(u) := sin(a7/2) From this, together with the invert-

cos(ae" 1G(u))+cos(a+7/2)° cos(ae" 1G(u))+cos(a+1/2) *
ibility of the relation between u and |[]| whenever both £"~'G(u) and y are small, one finds that

Y 51 = GBI := ~D((FI) + \RGIFIE - 5P,

whenever both &' G(u) and p are small.

2.4 Inserting Truncated Catenoids. Assembling the Approximate Solution

The next task is to find a truncation and rescaling of the catenoid that fits exactly within the gap between
the two perturbed hyperspheres. For this, observe that the g-scaled catenoid €% in R x R” can be written as
the union of two graphs over the R” factor. That is, €X = XX U X, where X2 := {(£Fz(),y) : IDIl > &};
the function F5 : {x € R : x > g} — Ris defined by Fz(x) = €F(x/€) where F(x) := flx(crz”‘2 - 1) 24o.
Comparing the asymptotic expansion of G.(|[y]]) and €F(|[y]|/€), one finds that the matching is optimal if

r%im eF(x/€) = ec, = tan(t/4)
[Hl—e0

in the dimensions n > 3 and
€log(2/€) = tan(r/4) + ec
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in dimension n = 2, for some constant ¢,, n > 2, depending on n and 7. Moreover, observing that for
constants C,, n > 2, depending on » and T, the choice € = sCl/ @D in dimensions n > 3 makes the
coefficients of the term ||'T|2 " in the expansion of G.(|[yl|) and €F(x/€) coincide and the choice € = ¢ in
the dimension n = 2 makes the coeflicients of the term log|[y]| in the expansion of G.(|[y]|) and €F(x/€)

coincide.

Once & and ¢ have been found, the error [eF(|[y]l/€) — G:(|y]])| is made smallest when one chooses
Dl = O(p), where p,, := 3=3/Gn=2),

To assemble the approximate solution, denote by S.. the stereographic coordinate images of a pair of
perturbed hyperspheres near the y'-axis. Let n : [0,00) — R be a smooth, monotone cut-off function
satisfying n(s) = 0, for s € [0, 1/2] and 5(s) = 1, for s € [2, 00). Define the function F,; : By, (0) \ B.(0) C
R"” - R by

Fax@ = &(1 = n(I5l/pNF(B11/€) + 701/ )G ().

Then define the hypersurfaces Eﬁ = {(ifw@,@ 2 Dl € [e,pe]} so that S, = E;’ U E; is a smooth
hypersurface connecting S, \ (R X By, (0)) to S_ \ (R X By, (0)) through the catenoid. Note that there
exists a radius p, so that the boundary of Ra +2T(S \ B5,(p*) U R’;:IZT(S \ B5,(p™)) under the stereographic
projection Ri’f;;l/z o K coincides with 6(2fr U E‘). Clearly p. = O(p:). The approximate solution with

parameters @ and 7 is the hypersurface

Ros [URMH(S \ (85,07 U B ()| v [URi’itl/zoK‘l(ia)

where € = &(7) is the scale parameter associated to 7.

2.5 Deforming the Approximate Solution. Banach Space Inverse Function Theo-
rem

Let Cyl(p) := {(y",3) : RXR" : |§]| < p} denote the cylinder of radius p parallel to the y'-axis in R X R".
The approximate solution A, ; is divided into the following three regions.

e Let Nk R¥**1 o K~ 1(2 N Cyl(p:/2)), and N = UZ‘;ONﬁ be the neck region of X(,,T.

a+1/2
o Let 5% := R%*1 o K~ {ZE N [Cyl2pe) \ Cyl(pe/2)]) and T, = UX T4+ U TE be the transition
region of AM.

o Let & :=RY

e Sa \ (B (PHUB5(p ) and &, = = U 8" Aor \ [Ng U T,] be the exterior region
of AM

The approximate solution KQT has mean curvature almost equal to H, everywhere except in the neck
and transition regions where the mean curvature transitions to zero. To deform A «r into an exactly CMC
hypersurface, choose a function f : AM — R and then consider the deformation @y : A,” — §™! given
by @(q) := exp,(f(q9)N(q)), where exp, is the exponential map at the point g and N(g) is the outward unit
normal vector field of Kw at the point g. Finding an exactly CMC normal graph near Kw - therefore consists
of finding a function f satisfying the equation H@ &,y = Ha, where Hy denotes the mean curvature of a
hypersurface A. Let @, , be the operator

ot fo Hy R, ~ He
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This is a quasi-linear, second order partial differential operator for the function f whose zero gives the
desired deformation of A, ;. Finding a solution of the equation @, .(f) = 0 when 7 is small is accomplished
by invoking the Banach space inverse function theorem.

Theorem 4 (Banach Space Inverse Function Theorem) Let @ : Y — Z be a smooth map of Banach
spaces with the noem || - ||. Set ®(0) := E and define the linearized operator

d
L(u) := DO0)(u) = a(D(f + su) PSS
Suppose L is bounded and either L is invertible and satisfies ||.L™(2)|| < Cl|zll, for all z € Z; or else L is
surjective and possesses a bounded right inverse R : Z — Y satisfying

IR@II < Cllzll, VzeZ (3)
Choose p so thatif y € B,(0) C Y, then

1
1£(x) = DO(y)()I| < %IIXII, VxeY, “)
where C > 0 is a constant. Then if 7 € Z is such that

_ < I
llz - E| < 2C %)

there exists a unique x € B,(0) so that ®(x) = z. Moreover, ||x]| < 2C||z — E]||.

The inverse function theorem states that, if an appropriate Banach space is so chosen that the lineariza-
tion of @, ; at f = 0 is surjective with uniformly bounded right inverse, then @, - can be inverted on a small
neighborhood of @, ,(0). Thus if ®,.(0) is sufficiently small, i.e. that the mean curvature of S deviates
very little from H, with respect to the norm of the Banach space, then there exists f so that @, (f) =0

However the operator D®,, -(0) is not surjective with uniformly bounded right inverse on arbitrary Ba-
nach spaces and so the inverse function theorem does not apply in general. The obstructions to invertibility
come from the Jacobi fields of the approximate solution. These are the eigenfunctions of the operator
D®, .(0) with zero or small eigenvalues tending to zero as the approximate solution becomes singular.
Their origin is geometric: first, the isometries of the ambient S"*! preserve mean curvature and thus all in-
finitesimal isometries are in the kernel of D®, -(0); second, when the surface consists of several constituent
pieces separated by small necks, as in the present case, then those motions of the surface corresponding
to an infinitesimal isometry on one of the constituents and keeping the others fixed (with transition on the
neck region), generate for D®, (0) small eigenvalues. These phenomena ensure that D®, -(0) fails to
be bounded below by a positive constant on any Banach space which is not transverse to the kernel and
approximate kernel of D®,, (0).

These obstructions to controllable invertibility is avoided by exploiting the natural symmetry of AM
and deforming A o.r equivariantly (i.e. deformations of A o are forced to preserve all symmetries). The
controllable invertibility of D®, -(0) is contingent on whether the Jacobi fields —both the global ones and
those on the individual constituents of KM— possess these additional symmetries or not. If it turns out that,
on each summand of Kw, there are no Jacobi fields possessing the symmetries, then the space of equivariant
deformations of KQ,T is transverse to the kernel and approximate kernel associated to small eigenvalues, and
then D®, ,(0) is controllably invertible.

The following three lemmas gather the necessary information about the Jacobi fields of the hyperspheres
and the generalized catenoids; here the e-scaled catenoid €X in R X R” is parametrized by

(5,0) e Rx S > g(y(s), ¢(5)0)
where ¢(s) := (cosh(n — 1))~V and y(s) := fos & "(o)do.
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Lemma 5 The nontrivial Jacobi fields of the hypersphere S, are generated by the restriction to S, of
the coordinate functions *k=1,---,n+1

Lemma 6 ([3], Proposition 4) Assume that 6 < 0 is fixed and n > 3. Then there is no non-trivial Jacobi
field of the generalized catenoid €% which is bounded by a constant times (cosh s)° and is invariant under
the action of the symmetry u(s, ®) = u(s, B(®)) for all B € O(n).

Lemma 7 ([2], Lemma 4) Assume that § < 2 is fixed and n = 2. The subspace of Jacobi fields of X
which are bounded by a constant times (cosh s)° and are invariant under the action of symmetry (s, ) —
(5,8 + 1) is two-dimensional spanned by the functions J°(s,0) = stanh s — 1 and J'(s,6) = stanh s. Here
the Jacobi fields J° arises from varying the parameter T and J' arises from the rotation Ry.

2.6 Function Spaces and Norms

To obtain estimates (3), (4) and (5), one in addition needs to introduce an appropriate weighted Schauder
norm to measure the “size” of functions f € C?#(A,.). To define this norm, one must first define an
appropriate weight function on KQ,T. Namely, let € = (1) be the scale parameter of K{M, and fix some pg
independent of 7 satisfying pg > 2p, such that the balls of radii 2oy centered on two different neck regions
do not intersect. The weight function ;. : A, - is defined by

gcosh s, qe€ Ri’_‘;'/z o K~ (ey(s), ep(s5)®) € N*
interpolation, qETe,

Lo(g) =4 dist(q,7), q € & N[V By (R (p))]
interpolation, g € &; N [UY (B, (R (D) \ By, (R L (P))]
2p0, q € &\ [V By (R (p))]-

The interpolation is such that £, is smooth and monotone, and is such that Z; is invariant under the symme-
tries of Ay ;-

Let T be any tensor on KM, and let U C A, ; be any open subset. Recall the notation

IT(q') = Eqqy (T (@)
ITloqr =sup|T(g)| and [T]gq = su -
o qe’B 1 s q,q’ep’ll dist (q, 6]')5

where the norms and the distance function that appear are taken with respect to the induced metric of
Aqr, While Z,, is the corresponding parallel transport operator from g to ¢’. Now let Tub,(y) be the
tubular neighborhood of y having width p, and for any arctan(e/2) < p < py, define the annular region
Ap = Aoz N [Tuby(y) \ Tub,;>(y)]. Then the norm on any U C A, is

R s+l S+l
Iflepoaina, = &1 flouna, + -+ LTIV flouna, + &5 i Ipuna,-

LetU C Xw. Then Cf;’ﬁ norm of a function defined on U is given by

{
._ ¢ _ ¢ _
etsar = Z IV ooz, \rub,on + IV Flpaioim, Arun,on t SUP - flepoaina,-
=0 PEe0,p0]

The Banach space Cg’ﬁ (X) denotes the C% tensors fields in X measured with respect to this norm, where

X:={f:Agr—>R:foRyr=foT =fand foS% =f, VBeSOMm);
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. . I 0
here T € O(n+2) is the reflection defined by 7(x, x!, -+, x™*1) = (2%, —x!,--- | x"*1)and SY = ( 0 B ) €

O(n + 2). The operator @, . can be symmetrized to yield a new operator (which is given the same name)
®,.: X — X. Then
Lo 1= DOuir(f) : €)= CiE(X)

is a bounded operator whose operator norm is bounded by a constant independent of .

2.7 The Linear and Nonlinear Estimates. The Proof of Theorem 1

Forn > 3 and n = 2, choose 6 € (2 - n,0) and § € (~1,0), respectively. Let ¥ = C;”(X), Z = CY%,(X).
The linear estimate (3) is given in Proposition 12 [1] for n > 3 and Proposition 13 [1] for n = 2. To obtain
the nonlinear estimates (4) and (5) amounts to showing that @, .(0) — H, is small in the Cgﬂ-norm and

that DO, (f) — ZQ,T can be made to have small Cg’_ﬁz-operator norm if f is chosen sufficiently small in the
C;*B -norm. These are given in Proposition 14 [1] and Proposition 15 [1].

To prove Theorem 1, observe that by Proposition 12 [1] and Proposition 13 [1], one has the linear
estimate

Lo Dlczoy < Colfleos s

where C; = O(¢?) in dimension 2 and C; = O(1) in higher dimensions. Therefore the linearization La - 18
injective on C; 25 (X). But .Em —Aisa compact operator so L” has the same index as A on Cy 2 (X). By
self-adjointness, this index is zero, so that Lw must be surjective as well.

Now in consideration of Proposition 15 [1], one makes the choice

If1 < where p = O(¢'*)  in dimension n = 2,
o = =1 0"  inhigher dimensions,

. ra 1 28N
to achieve the bound |[D®,, - (f)(u) — LQ’T(M)ICSg x S Elulcjﬁ(xy for any u € Cy” (A4 7). Moreover, Propo-

sition 14 [1] asserts that
2-8)(3n-3)/(3n—2
[©0.r(0) = Halcos ) = O3 9Cn=3/Gn-2)y

and therefore if & is made sufficiently small by a small enough choice of T and ¢ is chosen appropriately,
then [@y (0) — Hylpos < Z%L’ and then by the inverse function theorem, a solution of f := f,, of the
6-2

deformation problem can be found.

As a further consequence of these estimates, the Banach space inverse function theorem asserts that the
solution of the equation @, -(f, ) = O satisfies the estimate

|ﬁ1/,T|C;~B(X) — O(CLS(Z—é)(3n—3)/(3ll—2))
which is much smaller than e. Therefore the size of the perturbation of KM created by the normal deforma-

tion of magnitude f, - is much smaller than the width of Kw at its narrowest points, i.e., in the neck regions
where the width is O(e). Thus Ag,r remains embedded under this normal deformation.

3. PROOF OF MAIN THEOREM

The proof of Main Theorem follows broadly the same plan as the proof of Theorem 1 in [1], which is
sketched in Section 2. The significant difference between this proof and that in [1] is the choice of the
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weight function and the weighted Schauder norm on the approximate solution, which is made in order to
apply Banach space inverse function theorem (Theorem 2) to deform the approximate solution in the present
setting.

3.1 Assembling the Approximate Solution

For small 7, let A, be the Delaunay-like surface constructed in Theorem 1 and let

0

= UAI(‘”, where Af; =R

0
20+T (AO‘T) >
k=0

where the central part of each summand AM, k > 0, is around the neck. Write Ag = AOJr U Ag} as the
union of its upper and lower halves which are situated symmetrically on either side of the neck. Cut along
the neck and separate the upper and lower halves of Ag’r by a small distance 7... The first step is to construct
a smooth hypersurface with boundary in R"*! that interpolates between the stereographic coordinate images
of the separated upper and lower halves of Ag,T. In order to preserve symmetry with respect to Ryg+r+c,, the

same perturbation will be used for each summand.

Namely, for a; € (0,7/2), choose 7; so small that A, 7 can be constructed as in Theorem 1. For a
), and then let A° =

small positive number 7., we set A, = Rog i 1x, (A% _yand A_ := =Ry 1, (A A

1,7 tY] Tl

A+ U A_. There exist Ty <T1,Qy >, T] — T2, A — Q] belng small, such that AQ . and Agz o have the

same tangent spaces at the points where they intersect. Let Aa1 .7, and Aa2 ., intersect at the set I' and 7.
be the positive number such that
dist (T, K Yy, = 0}) = 7,./2.

We have
T = O((1,)*), forsome s, € (0, 1). (6)

We notice that 7, and 7., are completely determined by 7y, 7., @; and a5.

and A,,., be the graphs of ||| = G\a],ﬁ,n(yl)
and |[y]] = Gazﬂ(yl), respectively. Let n : [0,00) — R be a smooth, monotone cut-off function sat-
isfying n(s) = 0, for s € [0,1/2] and n(s) = 1, for s € [2,00). Define the function G, 1, 0,1,
[-2tan(t../8),2 tan(7../8)] € R — R by

Let the stereographlc coordinate image of N

@),T1,Ts

Gayronr.O1) = (1 - n(%))é\mm,n O+ r](mgﬁ)éaz,rz(yl)' (7

Then define the hypersurfaces

= {291, Gay 11000, (1)) 1 y1 € [0,2tan(r../8)]} c Rx S"".

Denote the stereographic coordinate image of A by A.. Then f = Z* U Z is a smooth hypersurface
connecting A, \[(0, 2 tan(7,./8)) XxR"] to A_\[(-2 tan(7../8), 0) xR”] through the stereographic coordinate
image of A? . Now let

@2,72"

S(r) = {g : dist (¢, K '({y; = O})) < 7},

be a strip on S™*! centered at the neck {K~'({y; = 0)}}. Note that there exists a number T,, so that the
boundary of

R R (ANB@EN S 21) RS B2, (AN BE)\S/2))
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under the stereographic projection Rz"“, L R, oK coincides with dE! UT;). Clearly T = O(t..).
1 @1+ 3Ts

The approximate solution with parameters « and 7. is the hypersurface

R+ pk-1 -1
U[U <¥1+Tl/2Rm+%n oK™ (Z))|-

Rurirar, = [URZQIHI X R \S @)

3.2 Deforming the Approximate Solution

Let

S(1):={(»", %) :RxR": |y| <7}
denote the strip of width T cente’r\ed at the subspace {y' = 0} in R x R". Analogously to [1] (see 2.5), we
divide the approximate solution A, 7, r, r. into the following three regions.

o Let Nf ;= R+ RS G KT NS (3 tan(t.../8)) and call N, = U Nf as the neck region

a|+ T %IY1+ZT*

of Agryanr.

o Let 75 := Rl R¥3 o K7I(T2 N (SQtan(r../8) \ S (L tan(r../8))]) and call

111+ T] %(I|+ZT

Tr. = U,‘;‘;O(Tff U Tf*’_) as the transition region of Ag, 1, ay.r.-

o Let & := R LA e \S@) and & = U & = Aayrianr. \ [Nr, UT ] be the

2(1|+‘r] a +

exterior region of Aal,ﬁm,n.

The approximate solution K,MIM,T* has mean curvature almost equal to H, everywhere except in the
neck and transition regions where the mean curvature transitions to H,. We shall deform A, 7, 4,,r. into an
exactly CMC hypersurface by proceeding in an essentially parallel fashion to that adopted in [1], which is
described in Section 2.

Namely, we proceed to find an exactly CMC normal graph near Aa 1007, DY cons1der1ng a function f :
Aoz, 0. — Randits corresponding deformation (I)f Awlm,r — S"*! given by 0 1(q) == exp,(f(@)N(q)
where exp q is the exponential map at the point g and N(gq) is the outward unit normal vector field of AM1 o
at the point g. Let H, denotes the mean curvature of a hypersurface A, and then let (’5(”1 .7, be the operator

a'rl STy f '_) (Df(Aﬂrl T ) Hoz,

which is a quasi-linear, second order partial differential operator for the function f and whose zero gives
the desired deformation of Aa .07, - Finding a solution of the equation (IDMI .. (f) = 0 when 7, is small
is accomplished by invoking Theorem 4 (the Banach space inverse function theorem).

3.3 Function Spaces and Norms

To obtain a linear estimate (3) and nonlinear estimates (4), (5) in Theorem 4, we need to introduce a suitable
weighted Schauder norm to measure the “size” of functions f € Czﬁ(A(, 11.a0,7,)- 10 define this norm, we
first need to define an appropriate weight function on Aa,n,az, -

We first define a weight function on the generalized catenoid €Z. Recall that the e-scaled catenoid X
in R x R" is parametrized by
(5,0) e RXS"" > ey(s), #(5)0)

10
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where ¢(s) := (cosh(n — 1)s)/~D and y(s) := fos #*"(o)do. We observe that

2-n _ ¢
= sinh s’

Let 59 > 0 be the value of s for which |sinh so| = 1. We note that ¢(s) — & < [¥(s)|, when |s| < |so|, and
#(s) — & > [(s)l, when [s| > [sol.

Suppose that A,, 7, is of the neck width g;, i = 1, 2. We may henceforth assume that 7. is so small that
eiy(so/2) > 2tan(t../8), i=1,2, ®)

and that the region K~'(S (tan(r../8))) is contained in the neck regions Néi of Ay, r,. We define the function
i(5,0),i=1,2,on R x S"-1 as follows.

z if 0 < &y(s) < 1 tan(r./8),
interpolation if % tan(7../8) < g(s) < %tan(r*/ 8),

£i(5,0) =< gp(s), if tan(7../8) < gi(s) < 2 tan(r../8),
interpolation if gy (s) > 2tan(7../8) and s < 50/2,
£i¢(s), s 2 s0/2.

The interpolation is such that ¢; is smooth and monotone, and is such that £; is invariant under the symmetries
Of A(Y,Tl S, Ty *

Also we parametrize the neck and transient regions in Kf‘yim, i=1,2,k=0,1,---,N — 1, in an obvious
way by

(5,0) € (=51, 5) X 8" > &Y (5), ¢r,(5)©), 9
for some s; € R, s5; > 0, where ¢, is some smooth function depending on a;, ;.

Now fix some 7 satisfying 79 > 27, such that the stripAg(ZTO) of width 27 centered on two different

neck regions do not intersect. And let 2pg be the radius of 4S (27¢) N Agm. Further, set

dia(q) = max{dist (.7) — &1 dist (¢, 2L R oKyl = 0)) %} (10)

201471y 441

The weight function on KQI,TI,QZVT* is defined as follows.

&, q €N, .

interpolation, q€lUy, RIEZIIHIR(Z:;I%T* o K7(S (3 tan(5))] \ V-,

dist (g, Ky = 0, g € To \ USRS REL o KT'(S G tan()
£i.(q) = | interpolation, g €8 NIUL R R SGmol.

di x(q), g €& NIREL KX, (So)\SGro)l.

interpolation, ge&. n[UY RS} +TIR(2111_%IT* (S @10) \ S(xo)),

20, g€ 8\ Uy Ry R S@ro))

The interpolation is such that £;, is smooth and monotone, and is such that {;, is invariant under the sym-
metries of Ay 7, .0,,r,- Now for any 0 < 7 < 7, define the annular region A = Ay 7, .0,r. N [S(D) \ S(7/2)].
Then the norm on any U C A is

—6+{+p [Vf

- I
\flepouna, = &l loana, + -+ + 0V floana, + & flaana, -

11
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LetU C anm,n. Then a;ﬁ norm of a function defined on U is given by

4
o ¢ R _ ¢ _ _
e -—ZW oo, aeSeon T IV I aini, ., oy nSeon + SUP - flepsuna,-

i=0 T€(27,,70]

To meet the requirement that the functions under consideration be invariant with respect to all the symme-
tries of Ay 1, 0,7, let us consider the space of tensor fields

X :={f: Norrarr. 2 R: foRyue=foT =f and foSY =f, VYBeSOMm};

here T € O(n + 2) is the reflection and S %1 € O(n + 2) for B € O(n) is the rotation of last n coordinates. as
defined in 2.7, Let E‘?"B (X) denote the C%# tensor fields in X measured with respect to this norm.

Observe that the operator zﬁm,%n can be symmetrized to yield a new operator (which is given the
same name) Qg+, o, -, : X = X. Then it is easy to verify that

Lorranr = DDy, 0. (f) : CF(X) — T (X)

is a bounded operator whose operator norm is bounded above by a constant independent of ..

3.4 The Linear Estimates

The aim of this section is to derive the linear estimate (4) in the following form.

Poposition 8 Suppose n > 3 and choose 6 € (2 — n,0) and 7. > O sufficiently small. The linearized
operator Loz, 0. = Do, 11,007, (f) : E?’ﬁ X) - EgiBz(X) satisfies the estimate

|Lox, ,az,‘r*u|52f2(x) 2 C|u|6§‘5(X)’

where C is a constant independent of T..

Poposition 9 Ler §,. = min(2s., 1), where s. is defined in (6). Suppose n = 2 and choose 6 € (=3.,0)
and 1, > 0 sufficiently small. The linearized operator Ly, z, 0,7, = D®u, 1, 0,7, (f) : é\éﬁ(X) - nggz(X)
satisfies the estimate

_ .
|LQ,T]’QZ’T*MI5%(X) > C(t) |u|5§ﬁ(>{)

where C is a constant independent of T..

The method of proof of Proposition 8 and Proposition 9, analogous to that of Proposition 12 [1], is to
construct an explicit solution of the equation L, 7, o, .4 = f by patching together local solutions on the
neck region and away from the neck region.

3.4.1 Jacobi Fields on Delaunay-Like Hypersurfaces

It is essential to understand the Jacobi fields of the Delaunay-like hypersurfaces in some detail. For this
purpose, let us parametrize the neck regions of Ay, i = 1,2, as in (9). Denoting N, 7} and &, as the

&1

12
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neck, transient and exterior regions of Xam, we define the weight function?l on Kam as follows.

I<p qeuk 0 Rol o R2L o KNS tan(5)),
interpolation, T\ UM 1R’§;]‘+T]Ri";‘ o K718 (3 tan(%))),

O(g) =4 dix(@), qes1 NIRE! R* (o) \ ST,
interpolation, ¢ € &, N[UY, leg}mRiﬁ L (§21o) \ S(To)l,
2po, g€ &L\ U 1R§;}+T]Rff; S o),

where d| x(q) is defined in (10).

Also, setting

dy(q) = max{dist (¢.7) - &2, dist (¢. K~'{y" = O},
and denoting N_fz, Te, 2 and 82 as the neck, transient and exterior regions of A,,r,, we define the weight

function on {2 on Aa =, as follows.

&, q€ K*(S(% tan(5))),
; . 1 (3 e
R interpolation, g€ Aa2 S NTE\K Al(S G tin(f)))’
H(g) =4 d(g), geN), , NELN [(S (7o) \ S 27.))],
inEerpolation, qE€ sz 5 N 8@2 N L’S:(ZTo) \ S(10)],
2po, q €N, ., NEL\(SQ21))).

Let|- |6‘§,ﬁ(xa1jl) denote the weighted E'?ﬁ -norm on Kam so that

)= @) ulong, ., + o H QT R IV g

ul s~

| |Cl§‘ﬁ(ALY| Tl All T]

where the norms and derivatives correspond to the metric on Ay, . Also, let ||z (Aus) denote the weighted
5 3,7y

U+

C,;"-norm on A, r, so that

1DV Uy po

@y,

—S+LApl
|M|C§<ﬁ(,\u = 1) uly A2 + @) Ulgng, s

where the norms and derivatives correspond to the metric on A, r,. In this parametrization, the symmetries
induced on functions of Ay, -, and A,, ;, are u(s, ®) = u(-s,®) and u(s, ®) = u(s, B(®)) for all B € O(n).

The corresponding spaces of functions invariant under these symmetries will be denoted by 6’?@ mNairy)

and C* (Aa,.r,), respectively.

6 sym

The proof of Lemma 10 and Lemma 16 below is adapted from that of Proposition 7 in [3].

Lemma 10 Assume that 6 € (2 — n,0) is fixed and n > 3 and parametrize the neck regions of Ag, r,,
i = 1,2 asin(9). Then there is no non-trivial Jacobi field of the surface A4, 1,, which is bounded by a
constant times ((,)°, and is invariant under the action of the symmetry u(s, ®) = u(s, B(®)) for all B € O(n).

Also, there is no non-trivial Jacobi field of the surface Aa2 +,» Which is bounded by a constant times |22|6,
and is invariant under the action of the symmetry u(s, ®) = u(s, B(®)) for all B € O(n).

Proof We only prove the second statement, as the first can be prove analogously. The proof is by

contradiction. First we show that for sufficiently small Té the statement of Lemma 10 is true. Assume
that for some sequence ‘ré tending to 0, the Jacobi operator LQ”ﬁ- = AA“N; + IBAW%_ P+ n of A(Mé- has

13
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non-trivial element wé in the kernel which is invariant under the symmetries wé(s, Q) = wé(s, B(®)) for all
B € O(n), and i§ bounded by a constant times (&), Let gy = £ (W(s3), p(s5)0)), g5 € AJ), . be the point
where (£o(¢)°wi(q3}) = 1.
One can assume that A, converges in a smooth enough sense to copies of the hyperspheres S ,, with
2,73

gluing points Rﬁz (p) removed and the operators Z( 1.7 CONVErge to the Jacobi operator on §,.

Case 1. First assume that qé converges, up to a subsequence, to some point in the hypersphere S ,, \ {p}. The
use of elliptic estimates together with Arzela-Ascoli’s theorem is enough to prove that, up to a subsequence,
wy, converges to a limit function w5 uniformly on compact subsets of the hypersphere S, \ {p}. The limit
function w5’ satisfies L, w3y = 0on S, \ {p} and

I(dist (, Y)W ligs,,) = 1. (11)

Since we have assumed that 6 > n — 2, the singularity is removable and hence w5’ is smooth. Finally,

since wé is invariant under the action of the symmetry w3’(s, ®) = w3’(s, B(®)) for all B € O(n). The limit
function w3’ is also invariant under the action of the symmetry w3’(s, ®) = w5’(s, B(®)) for all B € O(n).
This implies by Lemma 5 that w3 = 0, which is in contradiction with (11) and rules out this first case.

Case 2. Next assume that qé in the neck region converges, up to a subsequence, to some point in the
generalized catenoid £;Z. The use of elliptic estimates together with Arzela-Ascoli’s theorem is enough to
prove that, up to a subsequence, wé converges to a limit function w5’ uniformly on compact subsets of the
catenoid &,%. The limit function w3’ satisfies L,,sw3” = 0 on &% and

1) Weolo(eys) = 1. (12)

Finally, since wé is invariant under the action of the symmetry w3’(s, ®) = w3 (s, B(®)) for all B € O(n).
the limit function w3’ is also invariant under the action of the symmetry w’(s, ®) = w3’(s, B(®)) for all
B € O(n). Since we have assumed 6 < 0, Lemma 6 implies that w;" = 0, which is in contradiction with
(12). This rules out this case.

Case 3. Next assume that qé converges, up to a subsequence, to the point p. The use of elliptic estimates

together with Arzela-Ascoli’s theorem is enough to prove that, up to a subsequence, wé converges to a limit
function w3 uniformly on compact subsets of S, \ {p}. The limit function w;> satisfies Agaw3* = 0 on

S \{p}and
I(dist (-, Y)Wl < 1. (13)

Since we have assumed that § > n — 2, the singularity is removable and hence w5’ is smooth. This implies
that w” = 0, which is in contradiction with (13) and rule out this second case.

Having ruled out all the possible cases, the proof for small 7, is complete.

Next let T be the set of T for which the second statement of this lemma. We observe that, since Aa2 b
°t2

Ao, 1, aS Té — T, in a smooth enough sense, analogous arguments show that the 7 is an open subset of R
and complete the proof. ¢

On the other hand, for the cases n = 2 and future purposes, recall that any one-parameter family of
isometries R, of the ambient space X in which a CMC hypersurface A is situated gives rise to the element

(%Rl| o N, ) in the kernel of the linearized mean curvature operator, where N, is the unit normal vector
1=
field of A. To describe these Jacobi fields, parametrize the neck and transient regions of A, by

(5,0) e RXS"" 5 e(y(s), p:(5)O),

where ¢, is some smooth function depending on a, 7.

14
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Lemma 11 The Jacobi field 7 of the hypersurface A, arising from the rotation Ry has odd symmetry
and is bounded in |s|, which can be normalized to have the asymptotic expansion

j;(yl) =1+ J~1(y'), whereI IIlim/21~1(yl) =0. (14)
y—-7*

This follows since the Jacobi field J; is calculated by projecting a constant vector field along the normal
vector field Ny, , of Ay .

Lemma 12 The Jacobi field .’]5 of the hypersurface A, ; arising from varying the parameter T is bounded
in s in dimension n > 3 and has linear growth in |s| = |y1| when the dimension n = 2. When n = 2, Jy can
be normalized to have the asymptotic expansion

T = =y. 4 b = S+ 0", where T Jo!) = 0. (15)
y'-7./2
where vy is a positive constant.

Proof Recall that A, is constructed via normal deformations of K(M. Namely, choose a function
f 1 Ay — R and then consider the deformation @y : A, — S+l given by ®r(g) := equ( f(@N(Q)
where exp, is the exponential map at the point ¢ and N(q) is the outward unit normal vector field of KW at
the point g. We have

exp,(f(@N(q) = g+ f(@N(q) + O(fP), g € A
Denote Vil a5 the vector field generating dilation of the catenoid, namely,
n+l1

0 0

k
= — = yy— — Py,
k:lyc')yk "llayl oFe

Vil .

where Pg is the position vector field of the R” factor evaluated at the point ® € S"~!. We obtain in the neck
region
il

anl

ar

i
ar

Jo = vail Ny vy O(IVfI

)(Naz, Na,.) + O(fD{Neg, ZN., )

)(st, Na..) + OUf)(Nex = Na,.. ZNn, ),

T

= (vail n, >+O(|Vf|

since (Np , 2 Np,.) = %(NA“’NA »=0.

a,r? E a,T

Recall that )
vl Ny )= stanhs— 1.

@,

Therefore the first term on the right hand side has linear growth in |s| when the dimension n = 2 and is
bounded in |s| in higher dimensions. Since the last two terms on the right hand side are clearly bounded,
and since ¢ = y! when n = 2 and ¢ is bounded in higher dimensions, the statement of Lemma 12 follows.
¢

Define a smooth, odd function y : A, — R with the property
x(s)=1fors>1 and x(s)=-1fors<-1.
Now set K. 1= /\/71 and define the linear subspace
D := spang{Jo, K1}. (16)

From Lemma 7 and an argument analogous to that used to prove Lemma 10, we obtain the following.

15
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Lemma 13 Assume 6 < 2 is fixed and n = 2. The subspace of Jacobi fields of A,,., which are
bounded by a constant times ({»)° and are invariant zinder the action of symmetry (s,0) — (5,0 + m) is
two-dimensional and spanned by the functions Jy and K.

The following two results are obvious and will be needed in 3.4.4. to treat the two dimensional case.

Lemma 14 For n > 2, one of the following cases must occur.
Case 1. There is a nontrivial @-independent Jacobi fields on Az, .

Case 2. There is no nontrivial @-independent Jacobi fields on A, r, and there exists a singular solution
G of Luzy 0n Aoz \ K7 ({y' = 0}).

Lemma 15 When n = 2, if there exists a ®-independent singular solution 5(|W@1)||) of Za,ro on Ay, \
K'({y' = 0)) whose neck width is &y, then it has the asymptotic expansion

GUBD = o+ |IF1l - 0| + GUFIP),  where GUFHI) = OUFIP) for large [, (17

Yo, Y1 are a non-zero constants and

Yo = O(log||yl| — &ol), for small y'.

3.4.2 Linear Estimates for Jacobi Operatorson A, .,,i=1,2

We will need the following linear estimates for Jacobi operators on the hypersurfaces ;\\am and A, o,

Lemma 16 Assume that 6 € (2 — n,0) is fixed and n > 3. Then each function f € (’:“;,B (KQ,,T, ), satisfies
the estimate

— - . -
I Loymuleos &, ) 2 Clulzsg, s
and each function f € c** (Ag,.1,) satisfies the estimate
5 @,T2

Lairtlleos i, ) = Clilsy,, s

where C is a constant (certainly independent of T..).

Proof We prove only the second statement, as the first can be proved by an analogous argument. Ob-
serve that Schauder’s elliptic estimates imply that it is enough to prove that

) Laswstllioa,, ) = CI&) ulisia, - (18)

where C is a constant independent of 7,.

The proof is by contradiction. First we show that for sufficiently small 75, (18) is true. Assume that
for some sequence Té tending to 0, there is a sequence of functions ué defined on A,, -, each of which is

invariant under the symmetries ué(s, 0) = ué(s, B(0®)) for all B € O(n), along with a sequence of linear
operators satisfying the following estimates:

s (720 j N0 ,J
}LHOIO|(§2) Loy o Wlr=a,,.) =0 and (&) °ul|=a,,,,) = 1.

16
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Let q = ag(gb(sz) ¢(s2)®’) be the point in A . where (Z(qé))‘ﬂu{(qé)l =1

Case 1. First assume that qé converges, up to a subsequence, to some point in the hypersphere S ,, \ {p}. The
use of elliptic estimates together with Arzela-Ascoli’s theorem is enough to prove that, up to a subsequence,
ué converges to a limit function «3’° uniformly on compact subsets of the catenoid S ,, \{ p}. The limit function
us’ satisfies Ly,us’ = 0on Sy, \ {0} and |(dist (-, y))";u?hw(s = 1. The reasoning used to rule out Case 1
in the proof of Lemma 10 also rules out this case.

) )

Case 2. Next assume that qé in the neck region converges, up to a subsequence, to some point in the
generalized catenoid &;X. The use of elliptic estimates together with Arzela-Ascoli’s theorem is enough to
prove that, up to a subsequence, 1, converges to a limit function «5° uniformly on compact subsets of the

catenoid &;X. The limit function u3’ satisfies L,,su3” = 0 on &% and |(22)"5u§° lz=(e,5) = 1. The reasoning
used to rule out Case 2 in the proof of Lemma 10 also rules out this case.

Case 3. Next assume that qé converges, up to a subsequence, to the point p. The use of elliptic estimates

together with Arzela-Ascoli’s theorem is enough to prove that, up to a subsequence, ué converges to a limit
function 3’ uniformly on compact subsets of S,, \ {p}. The limit function u3’ satisfies Agats;> = 0 on
S, \ {p} and |(dist (-, y))’5u§°| 1~ < 1. The reasoning used to rule out Case 3 in the proof of Lemma 10 also
rules out this case.

Having ruled out all the possible cases, the proof for small 7, is complete.

Next let T be the set of 7 for which the second statement of this lemma is true. We observe that
analogous arguments show that the 7" is an open subset of R and complete the proof. ¢

When 6 € (2 — n,0), in view of Lemma 10, the operator ZQZ,TZ : 5S)m(A”2 ) = 5 vym(A‘IZ’TZ ) is
injective for ¢ € (2 — n,0) and by duality it is surjective for 6 € (0,n — 2).
Let f € (Am TZ) with 6 € (2 —n,0). Then f € C 5o (Nay, 72) and therefore there exists u €

Azﬂ s (Aay, Tz) such that Laz »nu = f. Lemma 16 shows that in fact u € C (Aa, 1,) and leads to the first
statement in the following lemma, while the second statement follows analogously

Lemma 17 The operator Zaz o MW(A(,, ) — C 5 2. vym(A‘“ ,) s bijective for 6 € (2 —n,0). Also the

(Am o) —C c* (A am) is bijective for § € (2 — n,0).

operator Lo, 7, : S5-2.5m

6 V}m

In an analogous manner we obtain the following result from Lemma 13 and the argument used to prove
Lemma 16.

Lemma 18 When n = 2, the operator

ZH,TQ N (A(lz T7) @ D _) ﬁ (Aaz,Tz)

6 sym 6=2,sym

is surjective in the range 6 € (-1, 0) with one-dimensional kernel spanned by Jo, where D is defined in (18).
Furthermore, there is a bounded right inverse mapping into c** 5 (Aay.ry) ® Do where Dy := spang{K;}.

sym

3.4.3 Proof of Proposition 8

Asin [1], the patching argument requires partitions of unity for the various pieces of KQ,TI .1, - First, for any
T € (T4, T0), define (237; (1) := (237; \ §(7), and define Nf* (7) to be the disjoint component of S (1) containing
Nf*. Next, define the smooth, monotone cut-off functions

17
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rty=| b 1ECD
extr O, q € Aﬂf],T] S, Ty ﬁ ST

s

1, e Nk (1)
X’;eck,‘r(q) = 7 -~ o
Oa qe Aal,‘rl,az,‘r* \ S2T

so that Y270 xk - + X050 X4, = 1. Secondly, define another set of cut-off functions

nha(q) = L qe@* ~ 1 —~
0, q€Ammme \[TE T UE UTE]

k
Mo (@) 1= Looas ﬁ/i( Sk Tk ok
nee 0, G€Agrame \[T7n UNEUTT]

so that ZkN:_OI n’efxt + ZkN:_Ol nﬁeck = 1. In addition, one can assume that these cut-off functions are invariant
under all the desired symmetries. To begin the process, fix a small T € (7.., 7o) and write

N-1 N-1
— k k
f - Z ext + Z neck
k=0 k=0

where
k. _ k k - k
fext = f “Xextr and fneck = f *Xneck,r*

Step 1. Local Solutions on the Neck Regions. Choose T € (T.., 79). The set Nf@ is a perturbation of a

compact subset of the surface A,, r,. Consequently, the function f,.. and the equation Zal,ﬁ,az,n U) = freck
can be pulled back to a compact subset of the surface A,, r,. View f.. as a function of compact support
on A, r, carrying the metric induced from R"*!, and the equation that will be solved in this step is

Zaz,'rz () = fneck,

where we recall that ZQZ,TZ is the linearized mean curvature operator of A,, -, with this metric. In addition,
Jueck7 15 invariant under the symmetries 7 and S %1 for all B € O(n).

Lemma 17 provides us with the unique solution .. € 5;"5 (Aa,.r,) of the equation

L(Yz,Tz (uneck) = f;wck,

which satisfies the estimate |Mnec/<|5w( Ay S Clfnecklzos (Aur)? where C is a constant (certainly independent
s \Bap.my 5-2\Bap.my
of 7,). With slight abuse of notation, extend this function to all of A, 7, 4,r, by defining

N-1

- k
Uneck = Z)(ngckj-‘ * Uneck-
k=0

One has the estimate
|ﬁneck|E§ﬁ(x) < C|f|62f’2(x)~

Step 2. Local Solutions on the Exterior Regions. Once a local solution u,,; is constructed in the previous
step, we choose a small « € (0, 1) and define

Tk . k s —
fext o= Xext,l(?(f - Lal,‘rl,az,‘r* (uneck))'

18
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By symmetry, we can say that Ex, = ]";x, for each k. In addition, ]‘;x, is invariant under the symmetries T
and SY' for all B € O(n).

The function ]"e\xt can be viewed as a function of compact support on Xam. The equation that will be
solved here is

Uexzzal,‘rl () = ﬁxt’

where we recall £, , is the linearized mean curvature operator of A,, -, when it carries the metric induced
from R™!.

For 6 € (2 — n,0), Lemma 16 and Lemma 17 provide us with the unique solution u,,, € C?;fn(j\\am) of
the equation

Next-Lar(Uext) = fext-
which satisfies the estimate

|”€X’|5’gﬁ(x¢ym) < Ck|f|€§f2<&,.,l>-

The point 7 = 7,./2 is at the neck region and therefore u,,,(7./2) = 0. By examining the Taylor expansion
of u,,, at the points 7 = 7,/2, and invoking its symmetries, one finds that

[ttere(T)| < Ci

Ty |2
T 7‘ fleos &, (19)

One can now extend u,,; to all of Kmmm,m again with slight abuse of notation, as the function

N-1

— . k
Uext = Z Mext = Uext-

>~

Step 3. Estimates and Convergence. Define & := U,k + Uerr. Then

=

‘Za],'rl,‘rz,n (ﬁ) - f = [nﬁxt(zal,‘rl,az,‘r* - Zal,‘rl )uexl (20)

T
o

k R R I k
+Xneck,k?(‘£"l T1,Q0,Te L(lz T2 )uneck + [-Eal JT1,00,Ts 0 next]uext 5

where [ L, n](u) := L(nu) — nL(u). Each term in (20) will be shown to be small in the Cg_ﬁz norm.

Begin with the first term in (20). Note that this term is supported in the transition region 7 .. Because
the surfaces A, ;, and A, ;, meet tangentially, we have

|6wz,rz - é\m,nl = O(b’] - tan(T**/8)|2) = O(b’] |2)
Hence, at the point (y!, G, 1,.0,r. 0))O) € . N{OL) : tan(r../8) < y!' < 2tan(r../8)}, we have
Garrrare.®) = Gayyr. + 1O tan(7,,/8) = y')) = Gy 1, . + 1Oy )
= Ga,r, + (7 — D(O(|tan(z.../8) = y'?)) = Gay.r, + (7 — DO(Y' ).

Set
— —
E = Gaz,‘rz - G(l[,T],T*’

and, for i = 1,2, let A;, B; and L,, -, be respectively the Laplacian, the second fundamental form and the
linearized mean curvature operator of A, ,, with respect to the metric coming from stereographic projection,
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and let A,, B, and Ly, -, a,.r, be respectively the Laplacian, the second fundamental form and the linearized

mean curvature operator of Ag, -, a, -, With respect to the metric coming from stereographic projection. One
finds

Loy mrone () = Lo () = (As = A)w) + (IBLIP = I1BP)u
= 0((1 = "/ tan(e.. /NE) - IVl + O [V1(1 = '/ tane.. /ME]) - 1V

+0([72101 = 16"/ tancr.. /8NE]

evaluated on an arbitrary function u supported in 77, and i = 1,2. Then, by using Lemma 4 in [1], one
obtains

ZHILT\I:GZ,T* (M) - ZG,‘,T,‘(M) .
= (Lm,‘rl,az,n(u) - -Lm,rl,wz,‘r* (w)) - (-Em,‘r[(u) - -Ery,,r,(u)) + (-Lm,‘rl,az,r;,(u) - La;,‘r,-(”))
= 0((1 - n('/ tan(z../8)))E) - [[V2ul| + O(||V[(1 -n0'/ tan(T**/S)))E]”) I Va|

+O([[V21(1 = 5 francr../8))E o
= O(x. PIV2ull + O(r...) - [Vull + O(u

therefore, for an arbitrary function u supported in 7, and i = 1,2,

(Lormran. = Lae)Wlg 7t
= O((T.. ) )IV2ull + O((722)*) - [IVull + O((r.)* )

< C(T**)2|u|6§.ﬁ(7}*).

Analogous Holder coefficient estimates can be found in the same way. In the end we find
ko7 a 2
1er(Lar a0, = Loy, )(”ext)lfgfz(rrf;)(x) < C(Tu) |f|6§f2
and

k i i 2
I)(neck,kp(‘gal,‘rlaaz,?'* - -Eozz,‘rz)(uneck)b‘gﬂg—é)(x) < C(T**) |f|a}’f’z

Finally, the estimate of the last term, namely
- k 2
[-Em,‘r],ag,‘r*s nexz]uextl’égfz(rrﬁ*) < C(T**) 5

follows from (19), together with the fact that the Cg;ﬁz norm of the coefficients of [-Zm,rl,az,m Mneck] and
[La, 7).00.7.5 ext] are O(1) by definition of the cut-off functions.

From the above analysis one obtains a function u satisfying the estimate |ﬁ|c2ﬁ(x) < Cilfleos (x) as well
5 6-2
as

i — 2
I‘E(YI,T],(YZ,T* (M) - f| < C(T**) |f|cgf’2(x)-

where C is bounded independent of 7. and . Since the constant in front of |f]-0s (x) can be made as small as
6-2

desired by choosing sufficiently small 7., a straightforward iteration argument now proves the existence of

a solution u € Cg’ﬁ (Mg, ry.00.2.) Of the equation Ly, 7, o, 7, = f satisfying the estimate |M|C§ﬁ(X) <Clf IC%(X).
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3.4.4 Proof of Proposition 9

The significant difference between this proof and the preceeding one is how the local solutions are found
on the neck.

. . . =2
Lemma 17 provides us with a solution uyeq; € C é’fy m

which can be decomposed as

(Aas.r,) ® Do of the equation L, (Uneck) = frecks

2B
Uneck = Vneck + 1K1 Where vyecr € C(S,sym(AQZ’Tz) anda; € R

and satisfies
-5
|Vne“k|6§ﬁ(1\n2,72) + (T*) |all < C|f|62f’2(1\n2112) < C|f|62f2(X)’
for some constant C independent of 7.

Now if Case 1 in Lemma 14 occurs, let G be the nontrivial ®-independent Jacobi field on Xa,,n, while
if Case 2 in Lemma 14 occurs, let G be the singular solution a(yl) of Zm,n on Xum \ 6§(T* /2) with even
symmetry, which has the asymptotic expansion (17), where y is a non-zero constant and yo = O(log y'| -
tan(t,/8)|), for [y'| close to tan(r,/8). The function u,.. can thus be extended to Aq, 11007, DY prescribing

N-1 N-1
Unock = Y X* kabido +aiKy) + 1,01 G
Uneck = Xneck,pvneck'i' (Uneck( 1Jo T ai 1)+nextcl )
k=0 k=0

where the constants b, and ¢, are chosen to ensure matching in the constant and linear terms of asymptotic
expansions of u,.., and G, i.e., by = ayy;/(yo + v«y1) and ¢; = a;/(yo + y«y1). In the end, this solution
satisfies the estimates

— 5
|uneck|fgﬂ(xal_q) < (T*) |f|E§f2(Kal_Tl)

as well as

p = 2016
neck,Kp(Lal»Tl"IZ’T* - fn“k)|63fi2(xal.r]) < C(T**) (1) |]0g T*||f|62f2(xnlvrl).

Note that 6 > —2s., is required to ensure that the quantity in front of | f| small as 7, — 0.

~0B N
CY (Rayy)

_The next step is to define ﬁx, in the same way as before and find the local solution on the exterior region
of Ay, 7,,0,.r.- Then define the extended function

The remainder of the analysis is the same as before, and leads to a good approximation solution of the
equation Ay, 7,.4,.r. = f. The solution procedure can be iterated to yield an exact solution. The result is a

solution satisfying the bound |u|~0s ~ < (12)° ~ .o
ymng | |Eg_ﬁz(An],rl,a2.r*) - ( ) |f|6¥_‘ﬁz(Aa],rl,02,r*)

3.5 Nonlinear Estimates

The proof of Main Theorem requires two more estimates in addition to the linear estimates: it is necessary to
show that @, 7, 4, r.(0) is small in the ng-norm; and it is necessary to show that DDy, 7, ¢,.z. (f)—La\ 7100,
can be made to have small Cé’ﬁ -operator norm if f is chosen sufficiently small in the Cg’ﬁ norm.

Poposition 19 If 7. > 0 is sufficiently small, then there exists a constant C independent of T, so that

(Do 51,007 (0) = Halgus 5 < C(z.) 70
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Poposition 20 If 7. > 0 is sufficiently small and f € Eﬁﬁ(KM,,az,n) has sufficiently small C;‘ﬁ norm,
then there exists a constant C independent of 7. so that

T o-1
IDDy, 7,057, (f) (1) = La,ﬂ,rz,n (”)|52f32(x) < C(t.) |f|c§ﬂ(x)|”|5§ﬁ(x)
for any function u € @’B(Kmmﬂ”»).

As in Proposition 15 in [1], Proposition 20 follows from the scaling property of the mean curvature
operator.

Proof of Proposition 19. We only need to estimate the deviation of the mean curvature from H, in the neck
and transition regions. Since |H,, — H,,| = O(t.), it is clear that we have

"N 2-6
|H(Aal,‘r1,az,‘r*) - Hm |€2f”2(x/r*) < C(T*) .

It remains to estimate the mean curvature in the transition region 7, whose image under the stereo-
graphic projection is the graph of the function G := Gy, 1, 0,7, defined in (7).

Let y = |[y]]. For a smooth surface A = {(F(¥),y) : T«/2 < F(y) < 271..} defined by a smooth function
F(y), its mean curvature at the point (F(y),y) is given by

L4y + F(y)z( Fo) (= DF) ) 20— yEO)
2 WA+ FOP2 T A+ FoP2) T A+ Fop P

HA) () = 2L

Let y(') = IFODI = Gay o0 01 and F : [(0(720/2), y(27.)] = (1.2/2,27.), F = G,L . Then

F() = ¢y + CuLa(y) + n(O(y = y(..)1)),

where L,(y) defines a surface A, = {(L,(),Y) : Tu/2 < F(y) < 27..} such that taking F = L, in (21) we
obtain H(A,)(y) = H,, and ¢,, C, are constants depending on n. Using this, we see that

— 2-s
|H(AQI,T1,T2,T*) - Ha/l |é~7‘)}72(4§\—7*) < C(T**) 0

in the region y € (3(T4x/2), Y(2T ).

The Holder coeffient estimate in this region follows similarly and takes the same form, which yields
Proposition 9. ¢

3.6 Proof of Main Theorem (Theorem 2)

Observe that by Proposition 8 and Proposition 9 the linearization Za,ﬂ,az,n is injective on ngﬁ(X). But
Lo, 71,007, — A 1s a compact operator so Ly, r, a,,7, has the same index as A on Cg"g (X). By self-adjointness,
this index is zero, so that L, 7, , . must be surjective as well. One has the estimate

-1
|‘£a1,T1,az.T;(f)|6§‘ﬁ(X) < C‘rx |f|a:132(x)v

where C;, = O((r,)°) in dimension 2 and C;, = O(1) in higher dimensions.

Now in order to apply the Banach space inverse function theorem (Theorem 2), we have to choose # so

that whenever | f IC’?‘Zﬁ(X) < t there holds
5

- 1
IDq)(l/,T* (f)(u) - -E(II,TI,(IZ,T* (u)lfgfz(x) < Eh’daﬁﬂ(x)’ (22)
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for any u € Cg’ﬁ (Xamm,n); therefore, in consideration of Proposition 20, we choose

O((7,)'"?%) in dimension n = 2

sy <1, Wwhere = - . .
s '5§ﬁ<x> =1, where { O((r,)'~%) in higher dimensions,

so that (22) is true. Then by the inverse function theorem, a solution of f := f,, 7, a,r. Of the deformation
problem can be found if A, 7,4, has been so constructed that

—~ t

|(D111,T1,a/z,n (0) - Hm |5§fz(x) < E (23)

Since Proposition 19 asserts that
[Pay o107 (0) = Haylgns ) = O(T.)*7),

we see by (6) that the bound (23) is true as long as 7. is made sufficiently small and ¢ is chosen appropriately.

As a further consequence of these estimates, the Banach space inverse function theorem asserts that the
solution of the equation @y, 7, 0,7, (for.71.00,7.) = 0 satisfies the estimate

2—
|f01,71,112,“'*|62'ﬁ(X) = O(CT*(T**)( 6))

which is much smaller than &,. Therefore the size of the perturbation of Xam,az,r* created by the normal
deformation of magnitude f,, 7,0, 1S much smaller than the width of A, 4, at its narrowest points,

i.e., in the neck regions where the width is O(g). Thus Km,ﬁmm remains embedded under this normal
deformation. This completes the proof of Theorem 2.
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