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New Exact Solutions to the Generalized Zakharov
Equations and the Complex Coupled KdV Equations

Ping ZHANG'*

Abstract: In this paper, we obtain several types of exact traveling wave solutions of the gener-
alized Zakharov equations and the complex coupled KdV equations by using improved Riccati
equations method. These explicit exact solutions contain solitary wave solutions, periodic wave
solutions and the combined formal solitary wave solutions. The method can also be applied to
solve more nonlinear partial differential equations.
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1. INTRODUCTION

In recent years, the investigation of the traveling wave solutions for nonlinear evolution equations (NNEs)
plays an important role in the study of nonlinear physical phenomena. These solutions can described vari-
ous phenomena in physics and other fields, such as fluid mechanics, plasma physics, optical fibers, biology,
solid state physics, chemical kinematics, hydrodynamics, meteorology, life sciences and so on. In the past
few decades, many significant methods have been developed, such as homogeneous balance method!!!, Ja-
cobi elliptic function method?!, Darboux transformation!®!, extended F-expansion method!*!, Exp-function
method!®, the multiple exp-function method!®!, extended tanh method!”!, Bicklund transformation!® and
the transformed rational function method!®). In Ref. [10], Lu, etc., developed improved Riccati equations
method. This method is by constructing two simplified Riccati equations which are more general and sim-
pler than the method in [11, 12], based on this method several new families of exact solutions to some NEEs
are obtained.

Then we consider the generalized Zakharov equations (GZEs) for the complex envelope ¥(x, f) of the
high-frequency wave and the real low-frequency field v(x, #)in the form™!

W, + W, — 20| WPV + 2%y = 0,
Vit — Vxx + (l\Plz)xx =0,

where the cubic term in first equation of Eq. (1) describes the nonlinear-self interaction in the high frequency
subsystem, such a term corresponds to a self-focusing effect in plasma physics. The coefficient « is a real
constant that can be a positive or negative number. Some exact solutions of system (2) were obtained
in [5, 13-15].

)

Moreover, we will also consider the complex coupled KdV (CCKdV) equations!'®!
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Ur = %uxxx - 3uux + 3(|v|2)x9
Vi = —Vyxx + 3Uvy.

2)
With v = 0 and Im(v) = 0, Eq. (2) reduces respectively to the KdV equation and the Hirota-Satsumal!” 181,
Some exact solutions of system (2) were obtained in [16, 19-21].

In this paper, we will use improved Riccati equations method to obtain several types of exact traveling
wave solutions of Eq. (1) and Eq. (2) respectively, which contain solitary wave solutions, periodic wave
solutions and the combined formal solitary wave solutions.

The rest of this paper is arranged as follows. In Section 2, we describe the key idea of the improved
Riccati equations method. In Section 3 and Section 4, the improved Riccati equations method is applied to
the GZEs (1) and the CCKdV equations (2) respectively, and obtain some new exact solutions. We conclude
this paper in Section 5.

2. THE IMPROVED RICCATI EQUATIONS METHOD

In this section, we recall the improved Riccati equations method given in [10].
For a given nonlinear evolution equations with independent variables x and ¢

P(u, Uy Uy, Uy, ) =0, (3)

where P is in general a polynomial in # and its various partial derivatives. Seeking its traveling wave
solution of Eq. (3) by using the traveling wave transformation

u(x,t) = u(¢), &=kx+1t+é&, “)

where k, [ are constants to be determined later, & is an arbitrary constant. Substituting (4) into (3) yields a
nonlinear ordinary differential equations (ODEs)

O, u',u”,u'",.)=0, (5)
where “’ ” denotes d% The next crucial step is that solution we are looking for is expressed in the general
form ’

u@) =Y Af©+ ) Bif ' ©g'@), 6)
i=0 j=1

where Ay, A;, Bj (i, j = 1,2,...,n), are constants to be determined later. The new variables f(£), g(¢£) satisfy
the following improved Riccati equations:
Case 1

F@ =-qf©g&), &@& =qll-g&-rfO) g =1=-2rf&+0*+e)f&), (7)

where € = 1, g # 0, r are arbitrary constants. It is easy to see that Eq. (7) admits the following solutions:

a b sinh(g¢) + ¢ cosh(g¢)
= , = : - , 8
h® b cosh(gé) + c sinh(g€) + ar 81 b cosh(gé) + ¢ sinh(g€) + ar ®)
when € = 1: a, b, ¢ satisfies ¢Z = a® + b2. when € = —1: q, b, ¢ satisfies b = a* + ¢2.

Case 2

F @ =qf©g&), @ =qll+g*&-rf©), & =-1+2rf&+1-r)f . 9)
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It is easy to see that Eq. (9) admits the following solutions:

a b sin(g¢) — ¢ cos(gé)

f(é) = b cos(gé) + c sin(g€) + ar’ £ = b cos(gé) + ¢ sin(gé) + ar’

(10)

where a, b, ¢ satisfies a? = b* + ¢2.

To determine u explicitly, we take the following four steps:
Step (1): Determine the integer n by balancing the highest order derivative terms with the nonlinear terms in
Eq. (3) or (5) (n is usually a positive integer). If n is a fraction or a negative integer, we make the following
transformation: (a) when n = d/c is a fraction, we take u(¢) = v¥/(¢), then return to determine the balance
constant n again; (b) when 7 is a negative integer, we let u(¢) = v*(£), then return to determine the balance
constant # again.
Step (2): Substitute (7) along with (6) and (9) along with (6) into Eq. (5) separately yields a set of algebraic
equations for fi(£)g/(&) (i = 1,2,..., j = 0, 1). Setting the coefficients of f/(£)g/(£) to zero derives a set of
over-determined algebraic equations for Ag, A;, B; (i, j = 1,2,...,n) and k, [.
Step (3): Solve the system of over-determined algebraic equations obtained in Step 2 using the Maple
Package or Mathematica.
Step (4): Substitute Ay, A;, B; (i, j = 1,2,...,n) and k, [, which are obtained in Step (3), to Eq. (4), Eq. (6),
Eq. (8) and Eq. (10) respectively. Then we obtain many exact solutions of Eq. (3).

3. EXACT SOLUTIONS OF THE GENERALIZED ZAKHAROV
EQUATIONS

In this Sections, we will consider the GZEs (1).

We take a plane wave transformation in the form
W(x, ) = u@e, v =wE), E=kx+li+&, 1D

where u(¢) is a real function. Substituting (11) into Eq. (1), we obtain the following ordinary differential
equations

K’ — lu— kK*u = 2au® + 2uv = 0,
I’ + 2k’ =0, 12)
Py — 3 +2k2u'? + 2k uu” = 0,

where u, v satisfy Eq. (6) respectively. According to the idea of Step (1) in Section 2, we consider the
homogeneous balance between #” and uv in the first equation of Eq. (12) and between v" and uu’ in the
third equation of Eq. (12) respectively, moreover, by using Eq. (6), we obtain
{ u(€) = ao +ai f(€) + ag(@). 13

V(E) = by + b1 f(€) + baf*(€) + b3g(é) + baf(©)g*(€),

where a;,b;(i = 0,1,2;j = 0,1,2,3,4) are constants to be determined later, and f, g satisfy Eq. (7) or Eq.
(9) respectively.

State 1. Substituting (13) with (7) into (12), the left hand side of Eq. (12) is converted into a polynomial
of fi(&)g/(¢) (i=0,1,..,5;,j=0,1), then setting each coefficients to zero, we get a set of over-determined
algebraic system with respect to the unknown a;,b; (i = 0,1,2;j = 0,1,2,3,4),k, 1. Solving the system of
over-determined algebraic equations using Maple Package, we can distinguish two cases namely:
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Case 1
2k2
e=%l, r=0, ay=aj=b =by=by=0, [=-28 by=-—I""
1 —a+4ka (14)

kgJ(1 — a + 4k2a) (=1 + 4k2) b K (-l+a-4Ka+8ad* kK -2aq?)
1—a +4k2a © 0T 2(1 - a + 4k2a) ’

a) =+

where a, g # 0,k # 0 are arbitrary constants. So do the following situations.

According to Egs. (8), (11), (13), (14), we obtain solitary wave solutions of Eq. (1) as follows:
Family 1

A1b sinh(q(kx — 2k*t + &)) + A, c cosh(q(kx — 2k*t + &)) el(kx_ZkzZJrfo)

Y(x,t) = 15
(%0 = b cosh(g(kx — 2kt + &)) + ¢ sinh(g(kx — 2kt + &))) (15
a*q* ke
1) = Ay — - , 16
V) = A = A 20 (b coshigkx — 221 + £9)) + ¢ sinh(g(kx — 221  £0)))° (16)
kq\/(l —a +4k2a) (-1 +4k2) k2(—1 +ta—-4ka+8ag? k> —2aq%)
here A; = + , , and wh
where 4 [—a+4Ca 2(1—a + 4k%a) and when
e=1:a, b, csatisfies ¢ = a® + b2, when & = —1: q, b, ¢ satisfies b* = a® + 2.
Case 2
e=-1, r==%1, ap=a; =b3=0, l=—2k2, by = £2by,
b = k(=2 + 2a — 8k*a + 4aq*k* — aq®) 3 +k>q* — 2by + 2aby — 8k>aby
0= 41 — a + 42a) SR 2(1 - a + 4k2a) ’ (17)
V(1 = a + 4k2a)(~1 + 4k2)
a) = x q,
2(1 — a + 4k%a)
where @, g # 0,k # 0, by are arbitrary constants. So do the following situations.
According to Egs. (8), (11), (13), (17), we obtain solitary wave solutions of Eq. (1) as follows:
Family 2
A inh h .
W 1) = 3(b sinh(g¢) + c cosh(gf)) (18)
b cosh(gé) + ¢ sinh(¢é) = a
_ Asa 2bsa?
vx, 1) = Ay + b cosh(gée)+c Slnh(q§)+a ® COSh(q{-’)+C sinh(gé)+a)? (19)

bya b sinh(gé)+c coshge) |2
+ )%,
b cosh(gé)+c sinh(gé)+a * b cosh(gé)+c Sinh(gé)+a

V(1 = a + 4K2a) (-1 + 4 k2)
2(1 — a +4k2a)
+k?% g2 —2bs+2aby — 8k2czb4
2(1 — a + 4k%a)
a* + .
State 2. In common, substituting (13) with (9) into (12), the left hand side of Eq. (12) we can obtain
determine the following solutions:

B(2+2a-8ka+d4ad’k’ —ag?) A

here Az = +
WherE A 4(1—a +4Ca)

kq’ A4 =

5 =

,E=kx— 262t + &o, by 1s the arbitrary constant, and a, b, ¢ satisfies b? =

Case 3
(-1
F=0, ay=ar=b =bs=b,=0, [=-2k, b0:¥,
gk o+ dal T 1 1+4k2) . K (20)
a= —a +4ak? + 1 T T L Ak + 1

where a, g # 0,k # 0 are arbitrary constants. So do the following situations.
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According to Egs. (10), (11), (13), (20), we obtain solitary wave solutions of Eq. (1) as follows:
Family 3

Y(x,1) = ahe Pl kr=2k20460) @1)
T cos(qlhn — 2121 + &) + ¢ sin(qkx — 2K21 + &) :
202
v =S4l L , 22)
2 (—a+dak?+1)(b COS(q(kx—2k2r+£g)) +e SIN(g(ha—2Kk2r+£y))?
k/(—a +4ak? + 1) (-1 + 4 k2
where Ag = 44 Va +4a )( ), and q, b, ¢ satisfies a = b* + 2.
—a+4ak? + 1

Case 4

gk J(—a + 4ak® + 1)(—1 + 4k2)
2(-a + 4ak? + 1)

r==+1, ay=a1=b3=0, 1=-2k% a ==
_kz(—Za/ +8ak? + 2 + 4k — ¢*)

d(—a +4ak® + 1) ’
2aby — 8a k*by + k2q> — 2b, by = =2b
- s =+ s

2—a +4ak? + 1) 2 4

’

by = (23)

b =

where @, g # 0,k # 0, by are arbitrary constants. So do the following situations.

According to Egs. (10), (11), (13), (23), we obtain solitary wave solutions of Eq. (1) as follows:
Family 4
_ A7(b sin(g€) - c cos(qg—“))eig, 24)
b cos(gé) + ¢ sin(gé) + a
Aga —_ 2})4&2

b COS(gé)+c SIN(gé)+a .+ (b COS(gé)+c SIN(gé)+a)? (25)
bsa b SIN(gé)—c COS8(gé) )2

b COS(gé)+c SIN(gé)+a " b COS(gé)+c SIN(gé)+a
+qk\/(—a +4ak? + 1) (=1 +4k?) A = _k2 (2a+8ak’>+2+4kK ¢ a-q*a)
= 2(—a +4ak? + 1) P8 4(—a + 4ak? + 1)
2aby—8akPby+k2q> —2b,
B 2(—a + 4ak? + 1)
a® =b* + L
Case 5

Y(x, 1)

v(x,t) = Ag +

where A; =

, Ag =

, & = kx - 2k%t + &o, by 1s the arbitrary constant, and a, b, c satisfies

+qk\/(—a +4ak? + 1) (=1 + 4k2)

r=0, ay=a;=b =b;=b=0, ay== +4qk® + 1 '

(04
. _ K(a+dalP+1+88 ¢ a-24a) by = — —]ng 1= -2k? .
0= 2(—a +4ak® + 1) C T T atdak2+ 1T T

where a, g # 0,k # 0. So do the following situations.

According to Egs. (10), (11), (13), (26), we obtain solitary wave solutions of Eq. (1) as follows:

Family 5
Wy A0 5inGE) = ¢ cos@E)) e
b cos(gé) + ¢ sin(gé)
P

(—a + 4ak? + 1)(b cos(gé) + c sin(gé))?’

kA (—a +4ak? + 1) (-1 +4 k2 B—a+d4ak®>+1+8K ¢ a—-24
WhereAl():iq \/( a + 4a ) ( ),A”:— (—a+4ak-+1+ q qa/)’gzkx_

—a +4dak? + 1

2(—a+4ak®>+1)
2k%t + &y, and a, b, ¢ satisfies a* = b + ¢.

) 27)

v(x, 1) = A — (28)

Moreover, we will illuminate the evolution property of the solutions by some interesting figures of
solutions. For simplicity, we will only give out figures (Fig.1, Fig.2) of Egs. (18) and (19).
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Figure 1: The single generalized solitary wave Figure 2: The single generalized solitary wave
solution for the real part of Eq. (18), where a solution for Eq. (19), wherea =k=a=1»>
=k=a=b=¢g=1,c=0, xis from —-10 =qg=by=1,c=0,xis from —20 to 20,
to 10, and ¢ is from —30 to 30 and ¢ is from —20 to 20

4. EXACT SOLUTIONS OF THE COMPLEX COUPLED KDV
EQUATIONS

In this Sections, we will consider the CCKdV (2). Similarly, we take a plane wave transformation in the
form

u(x,t) = u(@), vix,t) =v&)e?, &=kx+It+&, (29)

where v(¢) is a real function. Substituting (29) into Eq. (2), we obtain the following ordinary differential
equations
%k3u”’ = 3kuu’ + 6kww' — lu’ =0,
By =33y = 3ku' + V' =0, (30)
33V — kv = 3kuv + v = 0,

where u, v satisfy Eq. (6) respectively. Similarly, we obtain

{ ué) = ap + a1 f(€) + ar fA(€) + azg(é) + as f(£)g* (), 31)
V() = by + by f(€) + baf*(€) + b3g(é) + baf(E)g* (&),

where a;,b;(i,j = 0,1,2,3,4) are constants to be determined later, and f, g satisfy Eq. (7) or Eq. (9)
respectively.
State 1. Substituting (31) with (7) into (30), using the same process, we can distinguish two cases namely:
Case 1

8=—1, r==l1 l=1, a3=bQ:b3=0,

’ 32
ay = ¢%az, by =-bs, a4= i%az, by = +2by, (32)
where g # 0,k # 0, ag, ay, by are arbitrary constants. So do the following situation.
According to Egs. (8), (29), (31), (32), we obtain solitary wave solutions of Eq. (2) as follows:
Family 1
u(x,t) = (ap ¥ g2d + il
2b cosh(ge)+2e sinh(gg)x2a (b cosh(gé)+c sinh(gg)+a)? 33
aa ( b sinh(g¢)+c cosh(ge) P)eé (33)

* 2(b cosh(ge)+c sinh(ge)za) * b cosh(ge)+c sinh(gé)a
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v(x, f) = — bia Zbus”
’ b COSPige) e Si(gerza — (b COSPige) re SIA(gE)zar (34)
bya b sinh(gg)+c cosh(ge) )2

+5 cosh(gé)+c sinh(gé)+a * b cosh(ge)+c Sinh(gé)+a

where & = kx + t + &, and a, b, ¢ satisfies b? =a* +
Case 2
82—1, r==l, l=%q2k3—3aok, a3 =by=b3=0

35
= —2k2 + % a;,, by =-bs, a4= ¢k2q2 —ay, by==%2by, (35)
where g # 0,k # 0, ag, a;, by are arbitrary constants. So do the following situation.
According to Egs. (8), (29), (31), (35), we obtain solitary wave solutions of Eq. (2) as follows:
Family 2
— aa QK> g*+1 al)a
u(x, 1) = (ao + b cosh(gé)+c sinhge)za (b cosh(gé)+e Slnh(q.f)+u)2 (36)
_ (a1 £k2q*)a b sinh(gé)+c cosh(gé) )2) i
b cosh(gé)+c sinh(gé)+a * b cosh(ge)+c Sinh(gé)+a
v(x t) — b4(l . 2}740
K b cosh(gé)+c Slnh(q§)ia (b cosh(gé)+c sinh(g¢)+a)? (37)
baa b sinh(gé)+c coshgs) |2
+ . - )
b coSh(gé)+c sinh(gé)+a * b cosh(gé)+c Sinh(gé)+a
where & = kx + (1¢*k> = 3aok)t + &, and a, b, ¢ satisfies b* = a® + .
Case 3
e=-1, r==+1, =k +3apk, a3 =b;=0, (38)
a) = +2a4, by =-bs, by =+2by, a;=-as
where g # 0,k # 0, ag, a4, by, by are arbitrary constants. So do the following situation.
According to Egs. (8), (29), (31), (38), we obtain solitary wave solutions of Eq. (2) as follows:
Family 3
_ _ asa Dasa®
u(x, 1) = (ao b cosh(gé)+c Sinh(q§)+a (b cosh(ge)+c sinh(gé)+a)? (39)
+ asa (= sinh(gé)+c coshge) P)e
b cosh(gé)+c sinh(gé)+a * b cosh(gé)+c sSinh(gé)+a
— _ b4a 2b4a
v(x, 1) = bo b cosh(gé)+c Sinh(q§)+a (b cosh(gé)+c Slnh(q.f)+u)’ (40)

bya b sinhge)+c coshs) |2
n )%
b coshgé)+c sinh(gé)za b cosh(gé)+c sinh(gé)+a

where & = kx + (k3 + 3agk)t + &, and a, b, ¢ satisfies b* = a® + ¢,
State 2. Substituting (31) with (9) into (30), using the same process, we can distinguish two cases namely:
Case 4

r = 1 a2=a3=a4=b0=b3=0,

41
1=-1¢%k3 = 3kay, ay==+k’q?, by =bs, by=7F2by, @1
where g # 0,k # 0, ay, by are arbitrary constants. So do the following situation.
According to Egs. (10), (29), (31), (41), we obtain solitary wave solutions of Eq. (2) as follows:
Family 4
u(x,1) = (o + B eié (42)
K 0= Ccos(ger+e singeyza’ . °
V(x, t) — b4u § F 2b4u2.
b COS(gé)+c SIN(ge)ta (b COS(gé)+c SIN(gd)=a)? (43)
bsa b S1N(gé)—c COS(qE) )2
b COS(gé)+c SIN(gé)=a b COS(gé)+c SIN(gé)+a
where & = kx — (%q2k3 + 3apk)t + &, and a, b, ¢ satisfies a? =b?+
Case 5 ;
==+1, [=3kay+k, =b3=0
r a as 3 (44)

a) = F2a;, as=ay;, by=7F2by, by=by,
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where g # 0,k # 0, ay, a1, by, by are arbitrary constants. So do the following situation.

According to Egs. (10), (29), (31), (44), we obtain solitary wave solutions of Eq. (2) as follows:
Family 5
aja T 2a,a*
b COS(gé)+c SIN(g)xa (b COS(ge)+e SIN(gd)a) (45)
+ wa b S1N(gé)—c COS(g&) )2) ol
b COS(gé)+c SIN(gé)+a * b COS(gé)+c SIN(gé)+a ’

u(x,t) = (ap +

b]a . ¥ 2b102.
b COS(gé)+c SIN(gé)xa (b COS(gé)+c SIN(gé)+a)® (46)
bia_ b $iNGE)—c COS(go) 12
b COS(gé)+c SIN(gé)+a b COS(gé)+c SIN(gé)+a” ’

v(x,1) = by +

where & = kx + (3kag + k)t + &, and a, b, ¢ satisfies a* = b* + 2.
Case 6
r:il, ZZ—% 2](3—3/((,10, a3=b0=b3:0,

47
a) = 2](26]2 + 2(1], as = ¢k2q2 +ap, bz = ¢2b1, b4 = b], ( )

where g # 0,k # 0, ap, a1, by are arbitrary constants. So do the following situation.

According to Egs. (10), (29), (31), (47), we obtain solitary wave solutions of Eq. (2) as follows:
Family 6
2.2 2
u(x, l) — (aO + aja__ (2k>q $2a.1)a
b COS(gé)+c SIN(g)xa (b COS(gé)+c SIN(gé)=a) (48)
T (k2q2+a1.)a b S1N(gé)—c (.305(115) )Z)Ei‘f
b COS(gé)+c SIN(gé)za b COS(gé)+c SIN(gé)+a i

bia ] T 2b1a2.
b COS(gé)+c SIN(gé)+a (b COS(gé)+c SIN(gé)+a)? (49)
bia ( b S1N(gé)—c COS(g¢) )2
b COS(gé)+c SIN(gé)xa ~ b COS(gé)+c SIN(gé)+a ’

v(x,t) =

where & = kx — (1¢*k> + 3aok)t + &, and a, b, ¢ satisfies a® = b + .

Figure 3: The single generalized solitary wave Figure 4: The single generalized solitary wave
solution for the real part of Eq. (36), where solution for Eq. (37), where ap = ¢ = 0,
ay=c=0,a=a=b=k=qg=1,xis ay=a=b=k=q=>b,=1, xis from
from —10 to 10, ¢ is from —20 to 20 —10to 10, and ¢ is from —10 to 10

Similarly, we will illuminate the evolution property of the solutions by some interesting figures of
solutions. For simplicity, we will only give out figures (Fig.3, Fig.4) of Egs. (36) and (37).
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S. CONCLUSIONS

In this study, we have used the improved Riccati equations method successfully to derive exact solutions
of the generalized-Zakharov equations and the complex coupled KdV equations. And we have obtained
many exact solutions, including solitary wave solutions, periodic wave solutions and the combined formal
solitary wave solutions.

In Ref. [5, 22-24], some exact solutions of the generalized-Zakharov equations have been obtained by
using the Exp-function method, a new rational auxiliary equation method, a variational iteration method
and in Ref. [21], some exact solutions of the complex coupled KdV equations have been obtained by
using a generalized tanh method. In this paper, the obtained exact solutions include some solutions in
Ref. [5, 21-24], but we also give many new exact solutions, such as Eq. (27), Eq. (28) and Eq. (48),
Eq. (49). The solution procedure presented in this paper is available for other NEEs. It is also shown that
the improved Riccati equations method provides a effective and powerfully mathematical tool for obtaining
exact solutions of nonlinear partial differential equations.
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