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Abstract: In this paper, we use the wavelet transform to the Fractional
Brownian motion of 2-index by Haar wavelet, we obtain some statistical
properties about the stochastics processes and its density degree and wavelet
expresses.

Key words: Fractional Brownian motion of 2-index; Wavelet analysis;
Wavelet transform; Haar wavelet; Density degree

Xia X. (2012). The Study of the Fractional Brownian Motion Base 2-
Index. Progress in  Applied Mathematics, 4 (1), 37-42. Available from http:
//www.cscanada.net/index.php/pam/article/view/j.pam.1925252820120401.1140  DOI:
10.3968 /j.pam.1925252820120401.1140

1. INTRODUCTION

The Fractional Brownian motion is a class of important stochastic processes, about
the processes, there are some study works [1,3,6-8]. In this paper, we study
it use wavelet methods. With the rapid development of computerized scientific
instruments comes a wide variety of interesting problems for data analysis and
signal processing. In fields ranging from Extragalactic Astronomy to Molecular
Spectroscopy to Medical Imaging to computer vision, one must recover a signal,
curve, image, spectrum, or density from incomplete, indirect, and noisy data.
Wavelets have contributed to this already intensely developed and rapidly advancing
field.

Wavelet analysis is a remarkable tool for analyzing function of one or several
variables that appear in mathematics or in signal and image processing. With
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hindsight the wavelet transform can be viewed as diverse as mathematics, physics
and electrical engineering. The basic idea is to use a family of building blocks to
represent the object at hand in an efficient and insightful way, the building blocks
come in different sizes, and are suitable for describing features with a resolution
commensurate with their sizes. Some persons have studied wavelet problems of
stochastic process or stochastic system [2-5,9-13]. In this paper, we study a class
of random processes using wavelet analysis methodsand study its energy,the energy
express by density degree.

2. BASIC DEFINITION

Definition 1 Fractional Brownian motion: Gauss processes X:(t > 0) be called
¢-fractional Brownian motion, if Xo =0, EX; =0, and

B(X, X)) = 5 (% + 1~ |s — ") (1)

where, if we let ¢ = 2, then we call it as Fractional Brownian motion of 2-index.
Definition 2 Let X, is stochastic processes, then its wavelet alternative is [12]

(2)

Then we have

E[W /E “"*t)dt:o

where 1) is continuous wavelet.
Definition 3 Let ¢(z) is

L,0<z<i
Y(@)=4 -1, <z<1 (3)
0, other

We call ¢(x) haar wavelet [12].

3. STATISTICS PROPERTY AND ENERGY

W(s, ) :% [/:Sm(t)dt—/gg:éx(t)dt}

and E [W(s z)] = 0, then relational function of W (s, x) is
R(r) = )W (s,z + 7)]

82//32 (x;u)w(x+77v)d do
52 / / dudv—/ﬂi /I - )z (v)]dudv (4)
/ / ., Bl lduto + / o / _;T o (v)]dudv)

:Il+IQ+I3+I4

We have
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4. THE WAVELET PROPERTIES OF SYSTEM

In Equation (1), ¢ = 2, we do the research in the following.

We have )
Blo(s)o(t)] = 5 (s + £ — [s — 1) = st
Relational function of W (s, )
Ryi(r) = y)W(s,x + 7)]

//E x—u)¢(x+7— Vdudy

T—s/24T
77/ / uvdudv—/ / uvdudv
r—s/2+4+17 Jx—5/24T z—s/2 Jr—s+T1
x—s/2 r—s/2 px—s/2+T
/ / uvdudv + / / uvdudv)
r—s/2+T1 r—s+T1

L+ L+I+1,

1 z T+7 1 s2 g2
I :—Q/x é/Qudu/i vdv = E(ms—z)(s(x—i—ﬂ—z)

s —s/24T
1 T T—s/2+T 1 2 3 2
I, = 2 o udu /z_s_T vdv = —@(xs — SZ)(s(x +7)— %)
1 r—s5/2 z+T 1 2
I3 = = udu/ms/2+7 vdv = f@(zs — %52)(5@ +7)— SZ)

1 z—s/2 r—s/24T 1 2 2
14:— udu/ vdv = 7(x5—3%)(5(1-+7)_3i)

2 2
§ r—s —s+T 4s

1
Then, we have Ry(7) = §8(2$ —s), Ri(1) =0.

Use above, we can obtain R™(0), then we can obtain the zero density of

710 d th densit RY(0) Th have: Th

T2R(0) an € energy density 2R(0)| en, we have: € Zero
density of W (s, z): RO | _ ) and th densive || EOF

ensity o $,T): T2R(0) =0 an € energy density ZR0) 0€es 1o
exist.
Also we have
Ry(j, k;m,n) =27 ifk / Elz ¢(2’t— )w(QkS — n)dtds
R

— o s — n)p(2ks —
//thsw( s —n)Y(2%s — m)dtds

itk

Ra(jvk;man 27z E (i)(th - )¢(2k8 - n)dtds

R2
— ik jg
=2 //R2 tsp(27s — n)p(2Fs — m)dtds
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Use Equation (4), we have

, C1m27I <t < (1/24m)27
Y2t —m) = { —1,(1/24m)277 <t < (1+m)277

k. oy Ln27F<s<(1/2+4n)27F
see—m = { B Y e
Then
Rb(j7 k; ;M n)
jtk (2+m)277 (L+n)2=* (3 +m)2—7 (14n)2~F
=2 2 [ tdt/ sds—/ tdt/ sds
m2-—J n2—k m2—1J (%—f—n)Q—k
(1+m)2~7 (3+m27F (14+m)277 (14n)2~*
—/ tdt/ 3ds—|—/ tdt/ sds]
(5+m)2=3 Jn2k (3+m)2=i S (G4m2-k (5)
Jj+k
=2 2 1[2_%(1 + m)(l +n)272F — 2_23‘(1 + m)(§ +n)27 2
4 4 4 4 4
3 3.3
_ 9—2j —2k —2j —2k
27 (m + 4)(4 +n)27"" 427 (m + 4)(4 +n)272"]
5(5 + k) ,
——92 2
Then, we express relational degree of b(j,m). Let
1,0<t<1
o(t) = { 0, other
Then, we have
; 1,n27 <t < (n+1)2
I+ — ’ > U >
$(2't —n) { 0, other
ko f 1,m2kF <s < (m+1)2*
$(2%s —m) _{ 0, other
then,
R.(j,k;m,n) = // tsp(27s — n)p(2%s — m)dtds
R2
k 71-‘,—1)2J (m+1)2
= _Jtk tdt/ sds
2 n2J m2k
] +k

== 2 2920+k)(1 4+ 2n)(1 + 2m)
5. WAVELET REPRESENTATION

Let real function ¢ is standard orthogonal element of multiresolution analysis
{V;},j € Z [7), then exist hy, € [?, have

) =v2) o2t -
k
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Let
P(t) = V2D (1) hi_rp(2t — k)

k

Then wavelet express of X (¢) in mean square is

X(t) =223 Clo@ Tt—n)+ > 278 Y (277t —n) (6)

K Ji<J nez

where,

=272 / X(t)p(277t —n)dt
R

=273 / X (279t — n)dt
R

Then we have

j+k
E[Cick] = 2 2 / E[X ()X (s)]o(277t — n)p(27"s — m)dsdt
e (7)
1t£
E[dd] =2 // (277t — n)p(27%s — m)dsdt
R2

If we let

Lo<t<1
o(t) = { 0, other

We can obtain the value of E(C%C¥ ) according to value of (5) on above. Now
we consider function (t) that exist compact support set on [—ky, ka],k1, k2 > 0,
and exist enough large M, have [, t™(t)dt = 0,0 < m < M — 1, then ¢ exist
compact support set on [—ks, k4] satisty ki + ko = ks + ka, k3, kg > 0.

Let b(j, k) =< X (t), ¢k >, a(j, k) =< X(t), ¢;x > and J is a constant, then

{22¢( )keZ} { z/)(th—k),k:eZ}

j=J

are a standard orthonormal basis of space L?(R), then have

X(t)=2% 3" a( K)ot — K)+ Y Y 28(j, K)o (27t - K)

KeZ i>J KeZ
Therefore, the self-correlation function of b(j, m)
Ry(j, K;m,n) = E [b(j,m)b(k,n)]
J+K

- />pE X ()Gt mpp(@s — mydeds )

And also we have

Ro(j, K;m,n) = E[a(j,m)a(k,n)]
- / . E[X(t)X(5)] 6(27t — m)p(25 s — n)dtds
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Let
F(2I7K 1) = /Rw(Qj*Ks —t)(s)ds

If 4(t) has (M — 1)-order waning moments, then F'(2/= ) has (2M — 1)-order
waning moments. Actually,

//R tm (207K s — t)ah(s)dsdt
- / /R (255 — )" (1) (s)dsdt
= —‘//R2 ZCTT:I(QJ*KS)mfn(_t)nd)(t)w(s)dsdt _ O’m < oM

Therefore, we have

Theorem Let X (t) is solution process of system (1), ¥(¢) has compact supported
set on [—K1, Ks|, K1, K2 > 0, and ¢(t) has (M — 1)-order waning moments, and
¥(t) is standard orthonormal wavelet function. Then stochastic process b(J,m) are
stationary process.
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