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Exact Solutions for the Incompressible Viscous Fluid of a
Rotating Disk Flow

Mustafa Türkyilmazoǧlu1,∗

Abstract: The present paper is devoted to a class of exact solutions to the steady Navier-Stokes
equations for the incompressible Newtonian viscous fluid flow motion due to a disk rotating with
a constant angular speed. In place of the traditional von Karman’s axisymmetric evolution of
the flow, the rotational non-axisymmetric stationary flow is taken into account here. As a con-
sequence, the governing equations allow an exact solution to develop over the disk, which is
influenced by a fixed point on the disk and also bounded everywhere in the normal direction to
the wall. The three-dimensional equations of motion are treated analytically yielding derivation
of exact solutions, which differ from those of corresponding to the classical von Karman’s flow.
Making use of this solution, analytical formulas for the wall shear stresses are extracted. The
critical peripheral locations at which extrema of the local skin friction occur are also determined.
Analytic calculations show that for the specific flow the thicknesses take the same value. In-
teraction of the resolved flow field with the surrounding temperature is further analyzed via the
energy equation. According to the Fourier’s heat law, a constant heat transfer from the disk to the
fluid occurs, which is proportional to product of the thermal conduction, Reynolds number and
temperature difference.
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1. INTRODUCTION

The cases when an exact solution for the Navier-Stokes equation can be obtained, are of particular interest
in investigations to describe fluid motion of the viscous fluid flows. However, since the Navier-Stokes
equations are nonlinear in character, there is no known general method to solve the equations in full, nor the
superposition principle for nonlinear partial differential equations does work. Exact solutions, on the other
hand, are very important for many reasons. They provide a standard for checking the accuracies of many
approximate methods such as numerical or empirical. Although, nowadays, computer techniques make the
complete integration of the Navier-Stokes equations feasible, the accuracy of the results can be established
only by a comparison with an exact solution.

The Navier-Stokes equations were intensively studied in the literature commencing with the paper [1],
see also the review by Constantin in [2]. There are well-known exact unidirectional or parallel shear flows,
a few sample cases contain the steady Poiseuille and Couette flow. In addition to this, there are exact
cylindrically-symmetric solutions with closed plane streamlines, see for instance [3, 4]. Further exact solu-
tions that we already know possess certain feature of the fluid motion, such as rectilinear motion, motions
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of the duct flows, axisymmetric flows and stagnation flows on plate with slip, etc., see for instance, the
works of [5, 6].

Von Karman’s swirling viscous flow[7] is a well-documented classical problem in fluid mechanics, which
has several technical and industrial applications. The original problem raised by von Karman, which is the
most studied by researchers in the literature, is the viscous flow motion induced by an infinite rotating
disk where the fluid far from the disk is at rest. Then the problem is generalized to include the case
where the fluid itself is rotating as a solid body far above the disk. Another generalization is to consider
the viscous flow between two infinite coaxial rotating disks. All these problems and also stability issues
are attacked, theoretically, numerically and experimentally, by many researchers amongst many others,
such as [8–19]. However, all of these results are either numerical or analytical-numerical. Moreover, [20]
established the existence of an infinite set of solutions to the flow of two infinite parallel plates rotating with
the same angular velocity about an axis. Extension to porous plates was given in [21, 22], refer also to [23].
Additionally, heat transfer problem over a rotating disk was also studied, see for instance [24–26].

The purpose of this work is to present details of some new three-dimensional solutions of the Navier-
Stokes equations governing the steady state stationary viscous flow of an incompressible Newtonian fluid
associated with a single rotating disk. Physical interest is due to the applications in the areas of geophysics,
rotating machinery and rheology. Dissimilar to the classical von Karman’s axisymmetric similarity solution,
the current interest lies in searching for the velocity and pressure field representing the non-axisymmetric
flow about the axis of rotation. We show in this study that under certain well-defined conditions the Navier-
Stokes equations reduce to a system of ordinary differential equations whose solution can be obtained in
a closed form. The analytical solution is in fact found by imposing on the infinite rotating disk no-slip
condition for the velocity field (after setting no normal velocity at all) together with an assumption that
the field is bounded with respect to the normal axis. The resulting equations are then used to obtain exact
expressions for the existing wall shear stresses. We further analyze the subject of heat transfer from the
disk to the fluid by solving the energy equation, which, for the flow under consideration, is shown to be in
balance with the dissipation function.

The following strategy is pursued in the rest of the paper. In §2. the full governing equations representing
the flow motion are outlined in cylindrical coordinates. §3. contains the analytical results, both for the
steady state flow and wall shear stresses, obtained under self-consistent assumptions. Heat conducting case
is analyzed in §4., in which, an expression for the heat transfer is derived using the Fourier’s heat law.
Finally our conclusions follow in §5..

2. FORMULATION OF THE PROBLEM

We consider the three dimensional viscous flow of an incompressible fluid on an infinite disk which rotates
about its axis with a constant angular velocity Ω. The Navier-Stokes equations are non-dimensionalized
with respect to a length scale L = r∗e , velocity scale Uc = LΩ, time scale L/Uc and pressure scale ρU2

c ,
where ρ is the fluid density. This leads to a Reynolds number Re = UcL

ν
, ν being the kinematic viscosity of

the fluid. Thus, relative to non-dimensional cylindrical polar coordinates (r, θ, z) which rotate with the disk,
the full time-dependent, unsteady Navier-Stokes equations governing the viscous fluid flow are the usual
momentum, continuity and energy equations given by
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The Laplacian operator in cylindrical coordinates is defined as
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The parameters appearing in equations (5) are, respectively, cp is the specific heat, k is the thermal conduc-
tivity (assumed constant here) and µ is the viscosity coefficient of the fluid. Moreover, function Φ on the
right-hand side of equation (5) represents the dissipation effects.

In this analysis the fluid is assumed to lie in the z ≥ 0 semi-infinite space. Boundary conditions ac-
companying the equations (1-5) are such that the fluid adheres to the wall at z = 0 with a prescribed wall
temperature, and the quantities are bounded at far distances from the wall, with the temperature being
uniformly distributed there.

In the classical von Karman flow, the rotational symmetry assumption is used which removes the θ-
dependence of the variables in equations (1-5). However, in the present case we allow the θ-dependence,
enabling motion of the non-axisymmetric flow to develop, but instead assume w = 0 throughout. It should
be remarked that the latter no-axial flow assumption is automatically satisfied by the third of the momentum
equations (1), provided that the pressure p is not a function of z. The above constraints render the equations
(1-5) to a simplified version
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The boundary conditions accompanying steady state case of governing equations (7-10) are given by

u = 0, v = r, T = Tw at z = 0, (11)
u = U(θ), v = r + V(θ), T = T∞ as z→ ∞, (12)

for which Tw is the prescribed wall boundary, T∞ is the constant temperature far above the disk and, U(θ)
and V(θ) are to be determined as a result of the subsequent analysis.

3. STEADY-STATE MEAN FLOW

We here restrict ourselves to the stationary mean flow relative to the rotating disk. Since the energy equa-
tion in (5) is decoupled from the equations (1), this section focuses only on the solution of velocities and
pressure. Within this framework, its is particularly clear that

u = 0, v = r, p =
r2

2
+ p0, (13)

where p0 is a constant, constitute a solution for (7).
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Next, via a coordinate transformation η =
√

Re
2 z, the solution (13) is perturbed and we assume a new

solution of the form

u = r0F(θ, η), v = r + r0G(θ, η), p =
r2

2
− rr0 cos(θ − α) + p1, (14)

such that, as opposed to the well-known Karman solution, periodic solutions with respect to θ of F and G
are sought, subjected to a pressure field given by equation (14). Moreover, parameters r0 and α correspond
to polar representation of a fixed point on the disk surface and p1 is a constant.

Substituting equations (14) into (7), we see that the continuity equation is automatically satisfied, while
the momentum equations, with the help of (14), give rise to

Fηη + 2G = −2 cos(θ − α),
Gηη − 2F = 2 sin(θ − α),

(15)

whose solutions bounded with respect to η can be immediately expressed as

G = C1e−(1+i)η +C2e−(1−i)η − cos(θ − α),
F = i(C1e−(1+i)η −C2e−(1−i)η) − sin(θ − α),

(16)

where C1 and C2 are complex integration constants depending on θ. The latter are determined by the no-slip
velocity condition on the wall, as a result of which, F and G in (16) are found to be

F = f (η) cos(θ − α) + g(η) sin(θ − α),
G = − f (η) sin(θ − α) + g(η) cos(θ − α),

(17)

where the form of the functions f and g in (17) are given as f = e−η sin(η) and g = −1 + e−η cos(η).
We should mention here that the present analytical solutions are much physically related to the eccentric
rotations of a disk and a fluid at infinity. The possibility of an exact solution of the Navier-Stokes equations
for this type of flow was implied by Berker[27]. Although Berker’s solution without an extra condition is
not unique, the single rotating disk case considered here leads to the unique solution (17). Moreover, the
structure of the solution obtained here points to a close similarity with the well-known Ekman boundary
layer flow. Furthermore, we should also note that the present work is different from the studies of [28, 29]
in that in the latter the flow is superimposed onto the classical Karman’s solutions and, the self-similarity
together with a boundary layer approximation allowed the non-axisymmetric solutions with axisymmetric
boundary conditions.

Accounting for the asymptotic behaviors of f and g in the large η limit in equations (17), it can be
immediately deduced that the velocities far away from the disk turn out to be u = r0 sin(θ − α) and v =
r + r0 cos(θ − α), which differ from the no-slip velocities. The path along which the velocities vanish
exactly through the space can be easily determined by setting zero the velocities in equation (14) with the
consideration of (17). In the particular case when α = θ, the implication is that F = f and G = g, whose
graphs are displayed in figures 1 and 2.

These graphs clearly indicate the development of a boundary layer like structure near the surface of the
disk. The thicknesses defined by

δθ =

∫ ∞

0
(1 + g)dη, (18)

as the displacement thickness in the tangential direction, by

δr =

∫ ∞

0
f dη, (19)
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Figure 1: The graphs of f given in equation (17)
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Figure 2: The graphs of g given in equation (17)

as the displacement thickness in the radial direction and also by

δt =

∫ ∞

0
Θdη, (20)

as the thermal layer thickness are all coincide, whose values can be directly evaluated as 1/2.

Having found the form of the velocities, the components of the stress tensor, which are non-zero, are
only the radial τr and tangential τθ shear stresses on the wall, which can be calculated as

τr =
∂u
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Note that the shear stresses obtained here are non-sxisymmetric and hence deviate from the classical Kar-
man’s case. When α is set to zero, the findings point out the fact that the minimum and maximum skin
frictions offered against the flow take place respectively at the locations θ = 3π/4 and θ = 7π/4 for the
radial stress and, θ = π/4 and θ = 5π/4 for the azimuthal stress, over one period of rotation. Moreover, the
equal amount of resistance takes place at the locations θ = π/2 and θ = 3π/2. Likewise, for non-zero α, the
locations corresponding to the greatest and smallest stresses can be obtained.

It should be emphasized that, analogous solutions for the Newtonian fluid flow induced by two parallel
infinite rotating disks can also be obtained in a similar manner, though not implemented here. Moreover,
the solutions obtained in this work are not similarity solutions as given in [7].

4. HEAT CONDUCTING CASE

Analysis of the previous section enables us to look for temperature solution of equation (10) depending
only on the normal direction. As a consequence, for the flow in consideration the temperature will balance
with the dissipation function which reduces only to

Φ =

(
∂u
∂z

)2

+

(
∂v
∂z

)2

, (23)

Additionally, by virtue of the form of velocities in (14), the energy equation (10) reduces further to

Tηη = −r2
0
µ
k

(
F2
η +G2

η

)
,

T (0) = Tw, T (∞) = T∞,
(24)

Via the replacement Θ = T−T∞
Tw−T∞

and taking into consideration the form of the solutions F and G in (17), it
is straightforwardly found that the solution satisfying the equation (24) is Θ = e−2η. At this stage the heat
transfer q from the disk to the fluid can be computed in accordance with the Fourier’s heat law

q = −k
∂T
∂z

∣∣∣∣∣
z=0
, (25)

which results in q = k
√

2Re(Tw−T∞). In conclusion, a constant heat transfer takes place on the wall without
any dependence upon the azimuthal direction as in the case of von Karman flow [7], but in proportional to
the product of thermal conductivity, Reynolds number and the temperature difference.

5. CONCLUDING REMARKS

An exact solution of the motion of incompressible viscous flow over a rotating disk has been obtained
which differs from that of corresponding to the classical von Karman’s flow, in that, the physical quantities
are allowed to develop non-axisymmetrically, within the no normal flow confinement. The solution is
influenced by a fixed point on the disk, whose polar representation is (r0, α). The particular case r0 = 0
is associated with the rigid-body rotation. The non-zero choice of r0 has enabled us to achieve solutions
bounded far away from the disk.

Solutions point out that a boundary layer structure develops near the surface of the disk, whose far-field
behavior is distinct from the near-wall solution. Moreover, closed form expressions for the non-vanishing
shear stresses on the disk have been worked out, which clearly demonstrate that stresses at the surface of
the disk applied against the flow varies with the peripheral angle. In addition to this, the critical locations
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corresponding to the extremums of the skin frictions have also been determined. Furthermore, the properly
defined displacement thicknesses in the radial and tangential directions as well as the thermal layer thickness
have been shown to coincide for the flow under consideration.

The assumptions made on the velocity and pressure dictate a balance on the temperature and the dis-
sipation function in the energy equation. Hence, the temperature field pertinent to the obtained form of
solutions has been analytically derived. In addition to this, a heat transfer expression has been obtained
using the Fourier’s law. This relation reveals that a constant heat transfer, in proportional to the product of
different dynamic parameter, takes place from the disk to the fluid.

The present solutions are, in no doubt closely relevant to the fully laminar flow of an incompressible
viscous flow motion of the Newtonian fluid contained between two parallel plates rotating about the same
axis of rotation. The particular problem may also cover the flow cases, such as, Couette flow, radial flow
and spiral flow.
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