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Abstract
Impact frequency of drill tools, vibration displacement 
of rock and other factors play a key role on the impact 
efficiency of vibration and rock breaking effect in the 
percussion drilling. In this paper, the micro vibration 
equation of rock in the impact of indenter was established 
based on the principle of least action. Then the 
relationship among vibration displacement of rock and 
quality and natural frequency of rock, impact force and 
impact frequency of indenter and time were analyzed. 
The results show that the curve of vibration displacement 
is kind of shape of cosine function, its size fluctuates up 
and down in the equilibrium position with the changes in 
various factors; The greater the impact of flat indenter is, 
The smaller the quality of rock is, the greater the vibration 
displacement of rock is; The closer the impact frequency 
of indenter and natural frequency of rock are, the greater 
the vibration amplitude of rock is, and it is significantly 
higher than the situation which the difference of impact 
frequency of indenter and natural frequency of rock is 
large.
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INTRODUCTION
Impacting has always been the main way for rock 
breaking during drilling. No matter rotary percussion 
drilling which is more mature or high frequency harmonic 
vibrating percussion drilling which is still in the stage of 
research or drilling by new drilling tools such as torsional 
impactor, are all closely related with the rock vibration by 
impacting (Jiang, Liu, Zhai, & Pan, 2006; Li, Yan, Li, & 
Zhang, 2013; Zhou, Zhang, & Zhang, 2012; Lv, Li, Wang, 
Wang, & Han, 2012).

Predecessors have done a lot of research on drill string 
vibration (Yan, Han, & Bi, 2006; Li, Zhang, Hou, Liu, 
& Xu, 2004; Liu, Ma, & Zhong, 2000), such as torsional 
vibration, vertical vibration, transverse vibration and so 
on. There are many scholars studying on the mechanical 
properties of rock under impacting (Li, Zuo, & Ma, 2005; 
Zhou et al., 2005; Liu, Xu, Li, & Li, 2010). There are 
also a lot of researchers simulating the process of drill 
tool impacting rock (Yin, Liu, Gao, & Sun, 2009; Kuang, 
Ma, Liu, & Wu, 2001). But in the present study, nobody 
establishes the analysis model of rock vibration under 
impacting. However, impact frequency of drill tools, 
vibration displacement of rock and other factors play a 
key role on the impact efficiency of vibration and rock 
breaking effect in the percussion drilling.

Therefore, according to the characteristics of rock 
vibration, use the principle of least action, establish the 
corresponding micro vibration model of rock. It can 
provide a theoretical basis for rock movement under 
impacting.
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1.  THE PRINCIPLE OF LEAST ACTION
The most general form of the movement of mechanical 
system can be described by the principle of least action. 
According to this principle, the characteristics of every 
mechanical system can be described by certain function,
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It can be abbreviated as,
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Assume that at the moment of t=t1 and t=t2, system has 
two determined location. It between the two places has the 
movement in the smallest possible value.
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Where: q is generalized coordinates; q3  is generalized 
velocity; S is action; t is time and L is Lagrange function.

The principle of least action can also be written as,
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2.  THE MICRO VIBRATION MODEL OF 
ROCK

2.1  Vibration Equation in Multi-Degree of 
Freedom
The action of movement system is equation (1). Its 
variation form is,
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According to the principle of least action in Lagrange, 
the motion equation of system is that makes equation (3) 
multi-time integral in the period of the movement and 
then takes a minimum value.

For vibration equation in multi-degree of freedom, the 
model is composed of a plurality of springs. Springs are 
not free vibration, there is interference between them, so 
the vibration exist coupling. We can describe the vibration 
equation as follows.

The general form of potential energy which is 
generated by deformation is,
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The general form of kinetic energy is,

  

 
dttqqLS

t

t∫=
2

1

),,( 

 
0),,(1

2

== ∫ dttqqLS
t

t
δδ

 
q
L

q
L

d
d

t ∂
∂

=
∂
∂


 ∑= kiik xxkU
2
1

 ∑= kiik xxmT 
2
1

 UTtqqL −=),,( 

 ∑ ∑−== kiikkiik xxkxxmTL
2
1

2
1



 ∑ −−+= )(
2
1

ikikkiikikikkiik xxkdxxkxdxmxdxmdL 

 ∑ −= )( ikikikik xxkxdxmdL 

 
0=+∑∑ kikkik xkxm 

 iwt
kk eAx =

 02 =− ikik mk ω

 (5)

The coordinates of equilibrium position is defined as 0, 
so the minimum value of potential energy is 0. According 
to the symmetry of dynamics, we can get,

   kik=kki (6)
   mik=mki (7)

So the Lagrange’s equation can be written as,
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Basing on the additivity of Lagrange’s equations, we 

can get,
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From equation (9), we can get total differential 
equation of Lagrange,
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The sum part in equation (10) is symmetric quadratic 
matrix, exchange i and j in equation above and consider 
the symmetry of m and k,
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According to the variational theory,
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  (12)
By the theory of fourier series, we can get,
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The determinant 

 
dttqqLS

t

t∫=
2

1

),,( 

 
0),,(1

2

== ∫ dttqqLS
t

t
δδ

 
q
L

q
L

d
d

t ∂
∂

=
∂
∂


 ∑= kiik xxkU
2
1

 ∑= kiik xxmT 
2
1

 UTtqqL −=),,( 

 ∑ ∑−== kiikkiik xxkxxmTL
2
1

2
1



 ∑ −−+= )(
2
1

ikikkiikikikkiik xxkdxxkxdxmxdxmdL 

 ∑ −= )( ikikikik xxkxdxmdL 

 
0=+∑∑ kikkik xkxm 

 iwt
kk eAx =

 02 =− ikik mk ω can be obtained by 
taking equation (13) into equation (12). Obviously, ω is 
the eigenvalue for the corresponding matrix, namely the 
frequency of vibration.

2.2  The Micro Vibration Equation of Rock
Assume the rock is isotropic homogeneous medium, 
ignore the influence of formation pressure and temperature 
on the rock, the interaction of bit and rock is simplified 
to flat indenter and rock. Establish the micro vibration 
model of rock, the flat indenter is simulated by a plurality 
of springs stacked, as shown in figure 1. Divide the area 
under the indenter infinitely, extract a small infinitesimal 
to analyze separately, as shown in figure 2. Because of the 
force which each point of flat indenter does on the rock is 
the same in the acting surface, so the interaction relation 
between a point of flat indenter and the infinitesimal of 
rock can instead of it between flat indenter and rock. 
Consider the practical characteristics, ignore the coupling 
force and simplify the motion equation of multi-degree 
freedom vibration.

Figure 1
The Model of Rock Vibration
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Figure 2 
The Infinitesimal Analysis Unit of Flat Indenter and Rock

The applied energy from external force field can be 
regarded as a potential energy U'(x,t). Make it power 
series expansion at x=0 and omit 2 orders infinitesimal,
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The first item is the total derivative of time, it will 
disappear at the time of variation. We can get Lagrange’s 
equation based on the definition of potential energy.
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The corresponding differential equation after variation is,
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The force which is applied by indenter is periodic, so it 

can be described as follows,
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Where: ω1 is the vibration frequency of indenter.
Take equation (17) into (16), its general solution is got,
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Where: x is the vibration displacement of rock, ω is 
the natural frequency of rock, m is the mass of rock, α,βare 
initial phase, a is the amplitude.

What we analyze is infinitesimal, so m actually 
represents surface density multiply by ds. Because the 
vibration state of the whole rock is the same under the flat 
indenter, so the vibration state of infinitesimal can express 
the whole region. Equation (18) is the vibration equation 
of rock under the flat indenter.

3.  FACTORS ANALYSIS OF MICRO 
VIBRATION MODEL OF ROCK
Basing on the micro vibration model of rock, we know 
that the displacement caused by flat indenter impacting 
rock is related to the natural frequency of rock, the impact 
frequency of indenter, the mass of rock, the impact force 
and time. Analyze the influence law of various factors on 
the rock vibration by drawing relationship curves among 
various factors and vibration displacement.

Figure 3 
The Relationship Between Vibration Displacement and 
Time in the Different Impact

Figure 4 
The Relationship Between Vibration Displacement and 
Time in the Different Quality of Rock

Figure 5
The Relationship Between Vibration Displacement and 
Impact Frequency in Different Quality of Rock

The path of rock vibration displacement is the up 
and down reciprocating curve which is composed of 
two cosine functions. The initial phases of two cosine 
functions are set to 0 to consider the rock vibration. 
Figure 3 shows that the greater the impact force of flat 
indenter is, the greater the maximum displacement of rock 
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is. Figure 4 and Figure 5 show that the smaller the mass 
of rock is, the greater the vibration displacement is. It is 
more prone to vibration and to be broken. In the actual 
situation, the vibration amplitude of rock is very weak, so 
the variation range of maximal displacement is also very 
small in Figures.

Impact rock with flat indenter in a frequency of 1000 
Hz and the vibration displacement curve is shown in 
Figure 6. It shows that the rock whose natural frequency 
is 1300 Hz can be caused the maximum vibration 
displacement. Impact the rock whose natural frequency 
is 2000 Hz, its vibration displacement curve is shown in 
Figure 7. It shows that the rock can be caused maximum 
displacement when the impact frequencies are 1500Hz 
and 2500Hz. Figure 8 shows that the rocks whose natural 
frequency is 1000 Hz, 1500 Hz and 2000 Hz can be 
caused maximum displacement at the impact frequency 
are 1000Hz, 1500Hz and 2000Hz respectively. What’s 
more, the maximum displacements are significantly higher 
than ones in the other impact frequencies.

Figure 6 
The Relationship Between Vibration Displacement and 
Time in Different Natural Frequency of Rock

Figure 7 
The Relationship Between Vibration Displacement and 
Time in Different Impact Frequency

Figure 8 
The Relationship Between Vibration Displacement and 
Impact Frequency in Different Natural Frequency of Rock

Therefore，the closer the natural frequency of rock 
and the impact frequency of indenter are, the greater 
the vibration displacements of rock are and vice versa. 
When the natural frequency of rock is far away from the 
impact frequency of indenter, the curves appear unstable 
fluctuation, it means that the vibration of rock is in a state 
of instability. So we should choose the impact frequency 
which is close to the natural frequency as far as possible 
when the rock is broken. At this time, rock can be 
achieved resonance state, the vibration amplitude is the 
largest and easy to be broken.

Based on the above analysis of factors on the micro 
vibration model of rock, we know that the mass of rock 
and the impact force of flat indenter have less impact on 
vibration displacement, while the natural frequency of 
rock and the impact frequency of indenter have obvious 
effects on vibration characteristics of rock. In addition, 
due to the micro vibration displacement curve of rock 
is kind of cosine function, so the size of vibration 
displacement changes with factors periodically which 
corresponds to the characteristic of rock vibrating at the 
equilibrium position.

CONCLUSIONS
Based on the principle of least action, the micro vibration 
model of rock is established and the displacement 
equation is given. The micro vibration displacement curve 
of rock is kind of cosine function, the size of vibration 
displacement changes with factors ups and downs at x=0 
which corresponds to the characteristic of rock vibrating 
at the equilibrium position in the actual situation.

When the natural frequency of rock and the impact 
frequency of flat indenter are certain, the smaller the mass 
of rock is, the easier the rock to be vibrated, the greater 
the impact force is, the larger the vibration displacement 
is.

When the mass of rock and the impact force of flat 
indenter are certain, the closer the natural frequency of 
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rock and the impact frequency of indenter are, the greater 
the vibration displacements of rock are, and significantly 
higher than the situation which the difference between 
them is big.
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