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Abstract
In GPS Positioning System, distance measurement 
between the receiver and the satellite is affected by all 
kinds of factors. So it has errors. Some of these errors, 
which are caused by relativity can’t be neglected when 
it is being accurate positioned. This essay analyses and 
estimates these errors.  
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1.  the GPs PosItIonInG system
GPS is The Navigation Satellite Timing Ranging Global 
Positioning System--- A Positioning System using the 
Navigation Satellite to measure  the time and distance 
.Now the GPS has already been used in military, 
agriculture, exploration and navigation all of the world[1-4].

Its principle is very simple. The satellite transmits 
the electromagnetic carrier wave. The receiver on the 
earth receives the radio signals and calculates the relative 
distance between the satellite and the receiver according 
to the wave’s information to fix the receiver’s place. This 
measuring method is called false distance measuring[5-9], 
since the measuring has errors caused by various factors. 
The measured distance needs to be revised.

2.  the meAsuRInG equAtIon
As chart 1, supposing the satellite is at the earth coordinate 
(xi, yi, zi), it transmits a radio signal at the time ti. The 
receiver is at the earth coordinate (x, y, z), it receives this 
signal at the time t. The distance between the satellite and 
the receiver is:
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(1)

The radio transmitted by the satellite contains the 
information about the satellite’s place and time. In 
theory, if the errors are disregarded, we can ascertain the 
receiver’s place through solving the equation (1). But the 
equation (1) needs to be revised considering all kinds of 
errors which are caused by various factors.
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3.   the eRRoR cAused By the 
sPecIAL ReLAtIVIty
In eqution (1), t is the time at the receiver’s clock when 
receiver receives the radio. (xi, yi, zi) can be obtained 
from  the information of the radio. But ti is the time at the 
receiver’s clock when the satellite transmits the radio. 
The time ti', which we obtained from the information 
of the radio, is the time at the satellite. The time ti is 
quantitatively different from the time ti'. This quantitative 
difference is caused by all kinds of factors. The difference 
caused by special relativity should not be neglected.

Supposing the receiver is near the equator of the earth. 
The satellite moves at vi in the earth coordinate. According 
to the special Relativity: 

(2)

∆ti' is the time interval at the satellite clock, ∆ti is the time 
interval at the earth clock. If when the satellite transmits 
the radio, the satellite clock and the earth clock have 
already been calibrated, that means ti0=t'i0, so the time at 
the earth clock when the radio reaches the receiver is:

(3)

According to equation (1),we obtain

(4)

In (4),           , the equation (4) becomes:

(5)

We can calculate the place of the receiver according to 
equation (5), the error caused by the special Relativity is:                                                                                  
           . It is approximately calculated in Taile progression: 
β2/2, because β2 is infinitely small.

The velocity of the satellite around the earth is about 
4000m/s, the velocity of light is 3×108 m/s, so that this 
relative error is:

As a high precision positioning System, its error is limited 
in scope. The most advanced military GPS’s error is 
limited in centimeter .Its relative error is limited in 10-13. 
This error can not be neglected.

4.  eRRoR cAused By the GeneRAL 
ReLAtIVIty
We can simply only consider the force exerted by the 
earth, according to the General Relativity, the time and 
space around the earth becomes winding. The winding 
degree is decided by the metric. Because the metrics 
of the places in the satellite and the receiver are not the 
same, the error exists in the measured distance between 
the satellite and the receiver. 

4.1  the error caused by the time effect of the 
General Relativity---the Gravity frequency shift 
error
According to the general Relativity, the gravity field 
around the earth is Schwarzschild field, the Schwarzschild 
metric in ball coordinates is:

(6)

The relation between the inherent time and the 
coordinate time of the receiver who is still in the earth 
coordinate is:

(7)

dτ is the inherent time, dt is the Schwarzschild metric 
time. Meanwhile the inherent time dτ is significant in 
measurement.

The receiver’s inherent time in space 1 is dτ1, in space 
2 is dτ2. Their relation is:

(8)

                       is the Schwarzschild metric time. If the 
satellite is in space 1, the receiver is in space 2, the time 
interval at the satellite clock is ∆τ', the time interval at the 
receiver is ∆τ , their relation is:

(9)

Meanwhile G is gravitational constant, m is the mass 
of the earth, c is the velocity of light, r is the distance 
between the Geocentric and the object. Because the 
satellite moves in relative velocity v in the earth 
coordinate, according to the special Relativity, the time at 
the satellite converts into the time at the earth. There is:

(10)

Equation (9) becomes:

(11)
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Meanwhile                       is the Schwarzschild radial space 
metric.
Equation (16) is expanded by Taylor series and the 
Second-Order infinitesimals is neglected, we have :

(17)

If the receiver is located at the equator of the earth, 
Equation (17) is integrated, we get:

(18)

This is the inherent distance between the receiver and 
the satellite. Compared with equation (1), this distance 
is longer,              is just the error caused by the space 
effect of the general Relativity. Because the gravitational 
constant G, the mass of the earth m, the average radius 
of the earth R, the light velocity v and The height of the 
satellite h are all known, so we get:

(19)

This error can not be neglected when accurate Positioning.

5.  the end woRds
Except these errors, GPS accurate positioning needs to 
consider the ionosphere’s chromatic dispersion and the 
troposphere’s refraction. We also need to think over the 
error caused by the rotation of the earth and the tides. 
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Where r1 and r2 is the position of the satellite and the 
receiver. If the receiver is situated on the surface of the 
earth, h is the height of the satellite from the surface of the 
earth, we have: r2=R, r1=R+h.
Equation (11) can be expressed:

(12)

In Equation (12), v is the frequency received by the 
receiver, v'' is the radiation frequency from the satellite. 
Equation (12) shows v and v'' is not the same. There is 
quantitative difference between these two. This error is 
called the gravity frequency shift error. So the quantity of 
gravity frequency shifts:

(13)

The relative quantity is:

(14)

Because         are all infinitely small, Equation (11)
is expanded by Taylor  series and the Second-Order 
infinitesimals is neglected, we have:

(15)

The height of the satellite from the surface of the earth is 
about 20200 km, the mass of the earth m=5.976×1024 kg, 
the average radius of the earth is 4371 km, the velocity of 
the satellite around the earth is 4000m/s, the light velocity 
v is 3×108 m/s, the gravitational constant G is 6.67x10-

11Nm2/kg2, we have:

E≈4.5×10-10                                                                    (15)

So this error can not be neglected.

4.2  the error caused by the space effect of the 
General Relativity
According to equation (4), the radial inherent distance is:

(16)
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